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Abstract. Let M° be a complete noncompact manifold and g an asymptoti- 
cally conic metric on M° , in the sense that M° compactifies to a manifold with 
boundary M in such a way that g becomes a scattering metric on AI. A spe- 
cial case of particular interest is that of asymptotically Euclidean manifolds, 
where dM = and the induced metric at infinity is equal to the standard 

metric. We study the resolvent kernel {P + k^)^^ and Riesz transform of the 
operator P = Ag + V, where Ag is the positive Laplacian associated to g and 
V is a real potential function V that is smooth on M and vanishes to some 
finite order at the boundary. 

In the first paper in this series we made the assumption that n > 3 and 
that P has neither zero modes nor a zero-resonance and showed (i) that the 
resolvent kernel is conormal to the lifted diagonal and polyhomogeneous at the 
boundary on a blown up version of X [0, fco] i and (ii) the Riesz transform 
of P is bounded on LP(M°) for 1 < p < n, and that this range is optimal 
unless V = and M° has only one end. 

In the present paper, we perform a similar analysis assuming again n > 3 
but allowing zero modes and zero-resonances. We show that once again that 
(unless n = 4 and there is a zero-resonance) the resolvent kernel is polyhomoge- 
neous on the same space and compute its leading asymptotics. This generalizes 
results of Jensen-Kato and Murata to the variable coefficient setting. We also 
find the precise range of p for which the Riesz transform (suitably defined) of 
P is bounded on LP{M) when zero modes (but not resonances, which make 
the Riesz transform undefined) are present. Generically the Riesz transform 
is bounded for p precisely in the range {n/(n — 2),n/3), with a bigger range 
possible if the zero modes have extra decay at infinity. 



This is the second in a series of papers on the analysis of low energy asymptotics 
of the resolvent for Laplace-type operators on asymptotically conic spaces. Our 
setting is a complete noncompact Riemannian manifold {M° , g) which is asymp- 
totically conic in the sense that M° is the interior of a manifold with boundary M 
such that in a collar neighbourhood [0,6)2; x dM near i9M, 



where a; is a smooth function that defines the boundary dM (i.e. dM = {x = 0} 
and dx does not vanish on dM) and h{x) is a smooth family of metrics on dM. We 
let be a real potential such that there exists an integer I > 3 with 



1. Introduction 






VeC°°{M), V ^ 0{x^) as X ^ 0, 



and consider the Schrodinger operator 
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where Ag is the positive Laplacian with respect to g. Our main interest is the 
behaviour of the resolvent kernel {P + as | 0, and related operators such 

as the Riesz transform and the heat kernel of P. 

The operator P is self-adjoint on L'^{M, dg) and its spectrum is <j{P) — [0, oo) U 
crpp(P) where (Tpp(P) = {—kl > • • • > — fc^} is a set of negative eigenvalues (by 
convention ki > 0). The point can also be an L^-eigenvalue, but the positive 
spectrum is absolutely continuous. 

The resolvent R{k) = (P + k'^)~^ is well defined as a bounded operator on 
L'^{M,dg) for k G {0,ki) but fails to be bounded or defined at /c = 0. In the 
first paper in this series, [5 , which we refer to as Part I, we assumed that n > 
3, that Z = 3 in (|I.2p and that P had neither zero modes (i.e. is not an 
eigenvalue of P) nor a zero-resonance and showed that for small fcg < fci, the 
distributional kernel of R{k) is well-behaved on a certain manifold with corners, 
denoted M'^^^, that is a blown-up version of X ~ [0, /co]fe x M x M. This space, 
illustrated in Figure \TJ[ is a compact manifold with corners up to codimcnsion 3, 
and has 8 boundary hypersurfaces. Each boundary hypersurface can be considered 
an 'asymptotic regime'; for example, one asymptotic regime is when k goes to zero 
and simultaneously the left variable z, z € M, tends to infinity (i.e. x{z) 0) 
while z' is held fixed, and this corresponds to the boundary hypersurface Ibo in the 
figure. This face Ibo may be considered as a bundle of directions of convergence 
in the corner {x ~ 0,k = 0}, the fibers of which are identified with [—1, 1],- where 
T := {x — k) I [x + fc), the basis being the corner. 

Using this space we defined a calculus of pseudodifferential operators, denoted 
^ni,(abto,azf,aac),£ j.^^. g^^^ polyhomogcncous conormal both at the di- 

agonal submanifold and at each boundary hypersurface of . The index m 
denotes the conormal order at the diagonal (that is, the order as a pseudodiffer- 
ential operator), while (abf^ , Czf, Osc) and £ specify the type of polyhomogeneous 
expansion allowed at the various boundary hypersurfaces of M^^,^; see Section 2.3 
of Part I. The first main result of Part I was that the resolvent kernel lies in this 
calculus of operators; in this sense we found the complete asymptotic expansion of 
the resolvent kernel, in every asymptotic regime, as /c — *■ 0. We also computed the 
leading order behaviour of the resolvent at each boundary hypersurface. 

This precise analysis of the resolvent at low energy allowed us to determine the 
exact range of p for which the Riesz transform of P is bounded on . If P is 
nonnegative, then the Riesz transform T is defined by T = dP^^^"^; in general, to 
make sense of this, one needs to project off the nonpositive part of the spectrum 
(i.e. that corresponding to eigenvalues) before taking the —1/2 power of P. In Part 
I, we showed 

Theorem 1.1. Let n > 3, and let P = Ag be the Laplacian on an asymptotically 
conic manifold (M, g) . First we assume that M has one end. Let AgM be the 
Laplacian on the boundary of M for the metric h{Q) given by let Ai be its 

first non-zero eigenvalue, and let vi = {{n — 2) /2)2 + Ai . // vi < n/2, then the 
Riesz transform T satisfies 



Next let P = Ag + V with V as above, and suppose that either M has more than 
one end, or that V is not identically zero. In either case we assume that P has no 




while if vi > n/2, then 



T e Si[LP{M),U\M; T*M)), 



for all 1 < p < oo. 
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zero modes or zero-resonances. Then 

T G L{LP{M),LP{M; T* M)) ^ l< p < n. 

In this second paper, we allow P to have zero modes or zero-resonances. Here 
a zero mode is an eigenvector -ip G L'^{M) such that Pip — 0, and a zero-resonance 
is an function Tp ^ L^(M) with Pxp = 0, with Tp tending to zero at infinity; zero- 
resonances can only occur in dimensions 3 and 4. We carry out a similar parametrix 
construction for the resolvent as in Part I [5], but with additional complications. 
The main problem is that the leading terms in the parametrix are more singular 
than they were when no zero modes are present: for example, the leading term is 
at order —2 instead of at zf, and may be at order n/2 — 4 instead of n/2 — 2 at 
rbo. This means we must define several 'models' (i.e. terms in the Taylor series) 
at each boundary hypersurface, rather than just one, and this in turn means the 
compatibility conditions between models on adjacent boundary hypersurfaces are 
much more involved. Nevertheless, we carry out the program and show that the 
resolvent lies in our calculus of operators, except in exceptional cases. The result 
depends on the nature of the kernel of P. Define 

(1.3) m' = min(2,m), m = sup{a > | kerP C x""^+''L°°(M)}. 
We show 

Theorem 1.2. Let (A/, g) be asymptotically conic of dimension n > 3. Let P = 
Ag + V as above and assume that P has nontrivial L^ kernel. Also, if n — 3, A or 
5 we assume that 

(1.4) P has no zero-resonance, and m' > (5 — n)/2 if n ~ 3,4,5. 

is in the calculus and has leading 
behaviour at order —2 at zf, —2 at bf^, n/2 — 4 + m' at Ibo and rbo, at sc and is 
rapidly vanishing at lb, rb, bf. 

This is a simplified version of Theorem l4.1l which contains additional information. 
In the asymptotically Euclidean, rather than conic, setting the corresponding result 
is presented in Theorem 13.41 

The complete analysis in dimensions 3 and 4 is more involved because of the pos- 
sibility of resonant states and due to the relatively slow decrease at infinity of zero 
modes. We have not attempted a complete treatment of all cases, but deal fully 
with the asymptotically Euclidean case in dimension 3 in Section [51 which allows a 
direct comparison with the work of Jensen-Kato |7]. We also show polyhomogene- 
ity in this case; see Theorem 15.21 The asymptotically conic case in dimension 3 
is sketched in Section [6] assuming that there is either a unique resonant state or a 
unique zero mode with rather weak decrease at infinity. This assumption is made 
to avoid excessive technicalities and suffices to show a variety of possible asymp- 
totic behaviours of the resolvent as fc ^ 0, depending on the rate of decrease of the 
resonant state (resp. zero mode) at infinity. It turns out that in dimension 3, when 
there is a resonant state ip G x'^/^L°°{M)\x^/^^'^L°°{M), thus faihng only logarith- 
mically to be a zero mode, the resolvent is no longer polyhomogeneous on M^^^. 
Actually we do not give details in this case since the same phenomenon appears in 
the dimension 4 asymptotically Euclidean case for a resonant state decreasing like 

(i.e. r~^) at infinity, and we have thus chosen to explain this phenomenon in 
that more familiar geometric setting — see Theorem 17.21 It leads to the surpris- 
ing (although known since at least Murata's work [11]) result that the generalized 
projection onto the resonance occurs at order fc~^(log fc)~^. The reciprocal of the 
logarithm shows that the resolvent is not polyhomogeneous in this case; rather it 
has the form of fc^^ times a convergent power series expansion in 1/ log A; as fc ^ 0. 
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It is worthwhile to emphasize that the analysis of the expansion at fc = of the 
resolvent for perturbations of conic manifolds has been worked out by X-P. Wang 
[l2] , but our result is stronger in the sense that we study the Schwartz kernel at all 
asymptotic regimes and not only ai k — with z, z' € M° fixed. In particular our 
result about the resolvent allows us to obtain precise estimates on the heat kernel 
as t ^ CO (as shown for instance in [4J) and Riesz transform analysis. 

We now turn to a generalization of the Riesz transform results to this setting. 
Let n> denote the spectral projection for the operator P onto the positive spectrum 
(0, oo), and P> ^ P o n>. The operator Py is obtained from the resolvent using 
the formula 

(1.5) (p>)-^ = (^_y (p + fc2)-ion>dfcj. 

If P has zero modes, then there will be a term fc^^IIo present in the resolvent, 
which obviously makes the integral diverge. However, composing with n> kills the 
singular term and then there is a chance that the integral becomes convergent, 
allowing the Riesz transform to be defined in this setting too. It turns out that 
this happens in dimensions n > 6, but not necessarily in lower dimensions where 
terms of order /c^" with a > 1 may appear in the expansion of R{k) at k — Q. In 
the present paper, we find the optimal range of p for which the Riesz transform is 
bounded on L^; this range depends on n and the nature of the null space through 
the number m' defined in (|1.3p . There is a large literature about this question for 
the Laplacian on manifolds (i.e. when V — Q) and a few results for the case > 0; 
we refer the reader to the Introduction of Part I ^5j for a few references and known 
results. 

Since we need to compute explicitly the leading asymptotic coefficient of the 
Schwartz kernel of the resolvent i?(fc; z, z') as z' — s- to analyze Riesz transform, 
we will make an additional assumption which is not serious but more a technical 
device to keep the paper of a reasonable clarity: we shall suppose that 

(1.6) h{x)-h{Q) = 0{x^), V = 0{x^) as X ^ Q. 

Theorem 1.3. Let {M,g) be an asymptotically conic manifold of dimension n > 3 
and V be a potential satisfying (jl.6p . With P :~ Ag + V , assume that ker^2 P 7^ 
ana dm), wh ere m! he defined by (jl.3p . Then 

n — 2 + m' 3 — to' 

Remark 1.4. In dimension 3 and when 1 < m < 3/2, we see that T is bounded in 
the range (3/(1 + to), 3/(3 — to)) C (1,2) and when to ^ 1, this interval reduces 
to p = 3/2. It is a bit surprising that it does not contain the middle range 2, but 
this regime of m is somehow special: we prove directly (without using resolvent) 
in Section [Ql that, in this case, there is a sequence fa S n>(L^(M)) such that 
IM/fliP > oi{R){PfR, fn) with a{R) 00 when R 00. The condition m < 1 also 
corresponds to the case where i?(/c)n> becomes non-integrable at A: = since its 
expansion at fc = contains powers of order lower or equal to —1. In dimension 4 
(resp. 5), the same phenomenon holds when 1/2 < to < 1 (resp. m = 0), then the 
limit as TO — > 1/2 (resp. to — > 0) of the interval of boundedness reduces to p — 8/5 
(resp. 5/3). 

Remark 1.5. These cases might be considered somewhat artificial, geometrically 
speaking, since the resonances or eigenvalues come from the potential perturbation 
V. However, it is very likely that a similar phenomenon occurs for the Laplacian 
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acting on forms on asymptotically conic and Euclidean manifolds, due to har- 
monic forms and zero-resonance forms j3j. We plan to analyze this in a future 
publication. 

2. The blown-up space M^^^ and the calculus 5'™'^(Af; f^^^). 

2.1. The space M^^^. The resolvent kernel {P + k^)~^ is a distribution on the 
space M° x M° x (0, fco]- We work on a compactification of this space tailored to 
the geometric and analytical properties of the operator P + k"^. We begin with the 
obvious compactification M x M x [0, ko] and perform several blowups. The reason 
for the blowups can be explained in terms of the off-diagonal behaviour of the 
resolvent kernel. Roughly speaking at energy — fc^, the resolvent kernel should have 
exponential decay at the scale k~^ away from the diagonal. Thus for fixed A: > the 
kernel is essentially supported close to the diagonal, but for A: = we get only weak 
(polynomial) decay. To effectively decouple these two effects we blow up boundary 
submanifolds of x [0, ko] which separates the exponential behaviour for A: > 
from the polynomial behaviour at fc = 0. Let us denote the boundary hypersurfaces 
of this space zf = x {0}, rb = M x DM x [0, ko], and lb = dM x M x [0, fco]. 
Then we blow up the submanifold (dM)"^ x {0}, followed by the lift to this space 
of (aM)2 X [0,ko], M X dM X {0}, dM x M x {0}, to produce a space we call 
M|j. The new boundary hypersurfaces so created are denoted bfo, bf, rbo and Ibo, 
respectively. Finally we blow up the boundary of the diagonal intersected with bf 
to create a new boundary hypersurface sc, to produce the final space M|g^. See 
Figure [TT] The rigorous description of this space is done in Subsection 2.2 of Part 
I[5]. 

This space has eight boundary hypersurfaces, and each one can be thought of 
as a geometric realization of a distinct 'asymptotic regime'. Let us denote points 
in the left copy of M by z and points in the right copy of M by z'. For z, z' in a 
collar neighbourhood of dM we write z = {x, y) with y a local coordinate on dM. 
Then if k tends to with z, z' fixed we arrive at zf. If fc ^ and z, z' both tend to 
infinity with k/x and k/x' tending to limiting values, then we arrive at bfo. If fc > 
is fixed and z, z' both tend to infinity with y tending to a limit and the distance 
d{z, z') fixed then we arrive at sc, and so on. 

To construct an accurate parametrix for the resolvent, we need to solve the PDE 
(P + k^)G ~ 5 where (5, the kernel of the identity function, is a delta function 
supported on the diagonal submanifold. Thus the construction 'begins' by spec- 
ifying the correct conormal singularity at the diagonal, together with the correct 
model operators on each of the boundary hypersurfaces that intersects the diagonal, 
namely sc, zf and bfo. Let us consider the model problem at zf, that is at A; = 
and for z, z' G M° , in more detail. 

We define the metric gi, by — x^g; it is then an exact b-metric in the sense of 
Melrose [S], that is an asymptotically cylindrical metric on M. We now define the 
operator Ph by 

P = 2;t+ipba;-t + i. 

Since P is formally self-adjoint with respect to g, Pf, is formally self-adjoint with 
respect to gb- Actually, we prefer to think about the relation between P and 
Pb differently. If we regard the derivatives comprising Pb as annihilating the b- 
half-density l^gbl^^^ (the Riemannian half-density corresponding to the metric gt), 
and the derivatives comprising P as annihilating the half-density jd^j^/^, then this 
effectively implements the conjugation by x"/^ in the formula above and the relation 
becomes 

(2.1) P = xPbX. 
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Explicitly, the formula for Ph is 

(2.2) :^_(.^a^)2+(^__j +AoM + W, 

with W e a;Difff,(M) a lower-order term at a; = (here Diffb means the set of 
differential operators which are smooth combinations of vector fields tangent to 
dM, see Part I [5]). We see directly from this that Pi, is elliptic as an b-differential 
operator. The kernel of its inverse therefore lives naturally on the space = 
[M^; (9M)^], i.e. with the corner blown up 0. The face zf is canonically 
diffeomorphic to M^, and the leading model for {P + k'^)^^ (at least in the absense 
of zero-modes and zero-resonances) is the inverse of Pb (up to powers of x) . 

We need to recall some of the main results of the b-calcuhis from [8 . For more 
details, and definitions of index sets, etc, see Part I [5], section 2; here we just quote 
the three main theorems needed in this paper: 

First, we denote Ll{M) := L'^{M;fl^) the square integrable (b-)half-densities; 
here ftb is a canonical smooth bundle over M of 1-densities defined in Subsection 
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2.2.2 of Part I [S] and trivialized by \dgii\. The spaces H^{M) is the associated j-th 
Sobolev space, see Section 2.1 of Part I. 

Let Ao = < Ai < A2 . . . be the spectrum of the Laplacian on {dM, Hq). We 
then define 

(2.3) No := {lyo, J^i, • • • I = ^((^ " 2)/2)2 + AJ. 

In the case of the canonical sphere {dM — 5"^^, ho = dO^) (i.e. for the Euclidean 
setting) we have 

Na = {(n-2)/2 + Z;/ e No}. 
We shall also use the notations 

E^. :— ker(AaM — A^) for the conic case , 
Ei :— ker(A5,i-i — i{i + n — 2)) for the Euclidean case. 

Theorem 2.1 (Melrose's Relative Index Theorem, [8]). The operator Pb is Fred- 
holm as a map from x°'H^{M) to x°'H^~^{M) for all j > 2 and all a 7^ ivi, 
I — 0, 1, 2, ... . The index of Pb is equal to for \a\ < (n — 2)/2 and the index 
jumps by di, the multiplicity of the vf-eigenspace E^^ of Aqm + {n — 2)^/4, as a 
crosses the value ±1^1 (with a decreasing). 

Theorem 2.2 (Regularity of solutions to Pi,u ~ /). Suppose that f is polyhomoge- 
neous on M with respect to the index set E, that u £ x°'Ll{M), and that PbU — f. 
Let S be the set 

S^{±iyi I Z = 0,1,2,...} 

and for b Cz R let iJ.{b,j) = + k]k = 0, . . . j} n S . Then u is polyhomogeneous 
with respect to the index set EUF, where F is the index set 

{{{±,^i+j),k) I I e No, J G No, ±1^1 > a, 0<k< iM{±uuj) - l). 

When idM,ho) = {S''-^,de^), this reduces to 

{{n/2 + l,k) I / e Z, n/2 + l>a, < k < Ni - l} . 

where Ni is the number of elements of the form ±(n/2 — 1+j), j G No in the interval 
{a,n/2 + l] . 

Recall from Part I 5 the definition of G,y, C E^^^^. It is a finite dimensional 
subspace of C°°(9M). Informally it is set of coefficients of the leading asymptotic 
as x ^ of all u e nuUP, u G x'''-^L'^[M) for all e > 0. 

Proposition 2.3. Chapter 6) The sub spaces andG-,^, of E^^ are orthog- 
onal complements with respect to the inner product on {dM,ho). 

In order to simplify the exposition and avoid tedious computations, we will 
make the assumption (jl.6p . This assumption implies that if u is solution of PbU = 
0(2;'^+^+'^) with asymptotic 

J2 a;'"(logx)'^'u^.(2/) + 0(x''+^+^) 

u<Ui<u+2 

for some e A^^m, e > 0, fc^ e No, u^,^ G C°°{dM), then h — and u^. e E^,^ for 
any i such that Vi < v + 2. This is straightforward from the indicial equation. 
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2.2. Operator calculus. The purpose of the space M^^^ is to carry the kernel of 
our parametrix for the resolvent (P + fc^)~^; eventually, we will see that the resol- 
vent kernel itself is nice on this space. We define a 'calculus' of pseudodifferential 
operators, denoted vE'™'^(Af; fll^"^), defined by their kernels which are half-densities 
on M^g^. They can be realized as operators on half-densities on M° depending 

parametrically on k. The space 'i'™'^(M; fl^^^) depends on a pseudodifferential 
order m, controlling the diagonal singularity, and an index family £, i.e an index 
set for each of the boundary hypersurfaces zf, bfo, sc, Ibo, rbo, specifying the allowed 
terms in the polyhomogeneous expansion of the kernel at each of these faces (at 
the remaining boundary hypersurfaces, i.e. lb, rb, bf, the kernels are required to be 
rapidly decreasing). See Definition 2.8 in Part I [5 for the precise definition. 
The most important properties of this calculus are 

• There is a composition law: given index families A and S as above, there 
is an index family C given in Part I F, Prop 2.10] such that 

• If £; G *"'^(Af;f]^/^) is in the calculus, with m < and with £f > 
for f = zf, bfo, sc, Ibo, rbo, then for large enough N, is Hilbert-Schmidt 
with \\E^ {k)\\Hs ^ as fc ^ 0. In particular, the operator Id— is 
invertible for N large enough and k small enough, and the Neumann series 
Id +E{k) + E(kY + • ■ ■ for the inverse converges in operator norm and in 
Hilbert-Schmidt norm. 

• If the index family >l is nonnegative, then the restriction of A e ^'^^'''^(Af; i^^^) 
to any of the faces zf, bfo, sc is well-defined, denoted h{A), f = zf, bfg, sc, and 
called the normal operator at f. The kernel /zf(A) is a b-pseudodifferential 
operator of order m, the kernel /bfo {A) is a pseudodifferential operator act- 
ing on half-densities on dM x (0, oo) and the kernel Isc{A) is a family, 
parametrized by dM x (0, fco], of convolution pseudodifferential operators 
acting on half-densities on R". The normal operators respect composition: 

Ii{A) o If{B) = I{{A o B) 

provided that 

■Arbo + 'Bibo > and yiib,, + '^,ho > 0. 
See Part I, Section 2 for more details. 

3. Resolvent kernel for asymptotically Euclidean manifolds 

In this section, we assume that n > 3, that M is asymptotically Euclidean, that 
P has no zero- resonance, and that m' > 2 if n = 3 (see (|1.3I) '). We apply the same 
method as the case of section 3 of Part I, but with additional difficulties due to 
zero modes. We recall that our operators act on half-densities. This means that the 
space L2(M;f]i/2) = L^{M;nl^^) has invariant meaning (independent of a choice 
of metric) . 

Our strategy is the same as in Part I. That is, we construct a parametrix G{k) 
in our calculus, i.e. we want to find G{k) G {M,nl' that solves 

(P + fc2)G(fc) ld+E{k) 

with E{k) 'small' as fc — > 0. As an element of the calculus, G{k) has a Taylor series 
at each boundary hypersurface of M"^^^. We use fc as a boundary defining function 
for the interior of zf , bfo , Ibo , rbo and coordinates [z,z') on zf, {k, k' ,y,y') for bfo, 
{z,y', k') for rbo and {z',y, k) for Ibg. Here, on the left M factor of Af^, z G Af is 
written z = {x, y) close to dM , where y is a coordinate on dM , and k = k/x] while 
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primes indicate the same coordinates on the right factor. Using these coordinates 
we can write the Taylor series at the face f , for f — zf , bfo , rbo , Ibo in the form 

j>3o 

and this defines the coefRcents Gj uniquely. We call Gj the 'model' at order j 
at the face f. Let us remark that, at the other boundary hypersurfaces of 
elements of the calculus have trivial expansions (i.e. are rapidly decreasing) at 
bf, lb, rb while at sc we only need to consider the leading term (normal operator) 
which is well-defined independent of the choice of coordinates. 

We specify G{k) by giving a finite number of models at each boundary hypersur- 
face, together with the singularity at the diagonal, and checking compatibility of 
the models at adjacent faces. The parametrix can then be taken to be any element 
of the calculus consistent with the specified models. 

3.1. Term at sc and bfo and the singularity at the diagonal. The terms G'^^, 
G^f and the diagonal singularity are defined exactly as in Part 1: G^^ is defined 
to be the inverse of (P + k^)°^ and the diagonal singularity is defined to be the 
symbolic inverse of a{P + k^). As for G^£^, we recall that, in terms of coordinates 

= k/x' , y, y', k valid near the interior of bfo, the operator P + fc^ reads 

(3.1) P + k^ = k^K-'i-^ ( - {nd^f + As„-i +{n- 2)^/4: + k^ + W^ k^-^ 

with respect to the flat connection on half-densities annihilating jdgl^/^. Here 
W = 0{x) (see ()2.2p ). In terms of the b-fiat connection annihilating the b- half- 
density Idgtl^^"^, our operator is to leading order at bfg 

(3.2) ( - {Kd^f + As„-i + {n- 2)^/4 + k^) := k-^PmoK-\ 

The operator Pbfo acting on the left on MoxMq on b half-densities /(k, y)\K~^dKdy\^ 
has an inverse Qbfo in terms of spherical harmonics {4>j{y))j'- 

oo 

(3.3) 

where here and below, n^^. = n^^. (y, j/') means the Schwartz kernel of the or- 
thogonal projection on Ej C ^^(S"^^), and I^{z), K^{z) are the modified Bessel 
functions (see [I]). We set 

(3.4) Gy2^ = {KK')Q^f,. 

The consistency of these models follows exactly as in Part 1 [5 , Subsection 3.5. 

3.2. Terms at zf. As in Part 1, the theory of b-elliptic operators given by Melrose 
[SI Sec. 5.26] shows that there is a generahzed inverse Qb, a b-pseudo of order —2 
for the operator P^ on L^, such that 

N 

PbQb = QbPq = Id - ^ <y9j (g) If J . 

3=0 

where is a set of real orthonormalized (half-density) eigenfunctions of P^ 

with eigenvalue 0. The normal operator Ig{Qb) on the front-face ff := zf n bfo 



dndydn'dy' ^ 
kk' 
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of zf is exactly as in Part I, namely the inverse of the normal operator /ff(Ph) = 
{sDs)'^ + (n/2 - 1)2 + Agr^-i , given explicitly by 

(3.5) ^E,^--—^\dydy'ds/s\-^ 

where s := x/x' is a global coordinate on the interior of ff , idenfitied with (0, oo)s x 
S"""^ X 5*"^^. The Lpj are smooth in M and, by Theorem l2.21 have a polyhomoge- 
neous expansion at the boundary dM of the form 

oo / 

(3.6) (a;t-l^^af,(y)a;'log^■(^))®Mff^-^/^ x ^ 0. 

The logarithmic terms in p.6p complicate the parametrix construction (although 
not in an essential way) . In order to present the construction as smoothly as possible 
we assume (|1.6p to avoid logarithmic terms coming too early in the expansion. (See 
Remark 13.61 for what happens if we do not make this assumption.) With this 
assumption, W in (|3.ip is 0{x^) and we have 

m+2 

^,(x,y) = ^ a^„(y)xt-i+' + 0(a;t+™+2loga;) 

\'^-') i=m 

and a:^o G -E^ = ker(A5,>-i - j(n - 2 + z)), i = 0, 1, 2. 

For what follows, we will write a\ instead of a^Q to avoid too many subscripts. 
Since P — xP^x (see ()2.ip ). we obtain 

TV 

(3.8) P{x^^QbX^^) = Id-^xipj (g)a;~Vj- 

3=0 

We denote by {tpj)j=Q,...N a set of real orthonormalizcd eigenfunctions of P for 
eigenvalue 0. Then we may write 

N 

(3.9) i/jj = y^g^jX'Vj 

3=0 

for some matrix (ctij), whose inverse is denoted (a*-'). Decomposing in L'^{M), 

XLpj = nkorp(2;'Pj) + (1 - nkorp)(a;((5j), 

(3.10) 

N n N N . N 

k=0 •'^^ 1=0 k=0 •'^'^ fc=0 

Thus we deduce 

N N N N N 

(3.11) ^ (nkorp(a;(y£'j)) «) x^Vj = YY^c^kja^^^k <^ ipi = Yi^k <^ V'fc- 

j=0 j=0 k=0 1=0 k=0 

Let us denote ^Pj- := (1 - Ui,^, p){xipj). Then x^V/ e x^-^+'''-'Ll{M) for aU 
e > 0. Thus, for 7i > 4 it is in x'i~''Ll{M) for e > (recall that m > 1 if n = 4). 
By Theorem 12. 1[ Pi, is Fredholm of index on this space. Therefore, x^^ipj- is in 
Range(P6) on x^^^'^Lf if and only if it is orthogonal to the null space of Pb on 
x^+'^L'^^M). This is actually true since the null space of Pt on x^'^'^L'^[M) is equal 
to the null space on L'^{M) in view of the expansions p.6p . and hence spanned by 
the i^j. But x~^(pj is a linear combination of the ipk and hence x~^ipj is orthogonal 
to ip-^, or equivalently (pj is orthogonal to x^^ip-^. If now n = 3 and m > 2, 
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then X ^ijjj- e Ll{M) so we can apply the same arguments in this space instead of 

This imphes that there exists Xj G x^2^'L^(M) (resp. in L^(M)) for j — 
0, . . . ,N such that 

(3.12) PfcXj=a;"Vj^- 

if n > 4 (resp. if n = 3 and m > 2). Assume now that n > 4 and m' > 1 for n = 5. 
(The cases n = 3, m' = 2 and n = 5, m' = will be discussed in Sections 13.41 and 
13.51 respectively; note that m' > 1 automatically if n = 4.) We define our model 
operators at orders -2, -2, and 1 at zf by 

N 
J=0 



(3.13) 



N 



3=0 

Gil = 

It is then not difficult to check that PG^{ + G~^ = Id, which implies that (P — 
k'^)G{k) — Id vanishes to order k'^ at zf for any parametrix G{k) with this expansion 
at zf. 

We need to check consistency of these models with G^^^^ . To do this we need to 
show that the term of order in the Taylor series for G^^^ at bfoflzf agrees with 

the term of order p^^' in the Taylor series for G^f at zf n bfo, for — 2 < / < 1, where 
PbfoPzf = k. For I = —2, we note that <l)j vanishes to order n/2 — 1 + m at a: = (as 
a multiple of |c?5b|^/^), hence G~^ vanishes to order 2(n/2 — 2 + m) =n — 4 + 2m 
at bfo. Since n — 4 + 2m > here, we see that the restriction of this to zf n bfo is 
zero. This matches the restriction of G^f^ to zf fl bfo at zf fl bfo since G^^^ vanishes 
to order 2 at zf n bfo. From this we see that also G^^^ and G~^ are compatible. 
Moreover, for v E (0, oo) \ {1} we have 
(3.14) 

This implies that the next term in the Taylor series of G^^_^ is at order 2, so that it 
is also compatible with G^f. 

It remains to check compatibility of G^^^ and G^f. We have already observed 
that Gj^f^ and {xx')~^Qb are compatible. On the other hand, we know that x~^tpj 
vanishes to order n/2 — 2 + m at .t = (as a multiple of \dgb\^/^) and, by (|3.18p . 
x~^X vanishes to order n/2 — 4 + m at x = 0. So the rank one terms in the third 
line of p.l3p decay to order n ~ 6 + 2m > —1 at zf n bfo and so restricts to zero 
there when multiplied by p^j^^ . This verifies compatibility of G^£^ and G°f . 

3.3. Terms at rbg and Ibo. Next we construct terms G^j^^ on rbo. We will need 
these for three values of j, depending on m, namely j — n/2 — A + i for i = 
m',m' + l,m' + 2 where m' = min(TO, 2) . The terms at Ibo will be determined 
from those at rbo by the condition that G{k) has a symmetric kernel. We note here 
that in order to determine the resolvent kernel, it is not necessary to specify so 
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many models; for this we only need the models of negative order at rbo- However, 
the three models are required to determine the leading behaviour of the resolvent 
at rbo a-iid Ibo which is important for Riesz transform applications. 

We begin by determining the first few terms in the Taylor series of G^^ and 
at zf n rbo- Let us begin with the kernel Qb- Localizing near rb, the kernel of the 
identity vanishes identically and we have 

N 

PbQb = QbPb ^ - ^^]® Vj- 



Using Theorem 12.21 and p.6p we can write the following asymptotic for at rb: 

2 i 

(3.15) Qb= (^^^;,fe(^,y'y*-'+Mog^(a;')) +0(^'*^'log(2:') 

i=a k=Q 

for some Vik . By considering the operator operating on the right variable, and using 
assumption (jl.6p . the logarithmic terms Vik for fc > are absent for i < m, while 
for i > m we have Vik = if fc > 2 and vn is given by 

1 ^ 

3=0 

since {{xdx)'^ — ("/2 — 1 + i)'^)x'^^^^'^ ^og{x) = {n — 2 + 2i)x'^^^^'^ . Now consider 
Pb acting on the left variable. By matching the series (j3.15p with the expansion 
p.5p at zf n bfo wc sec that for all i, 



(3.16) vM^,y,y') = E "^^^-'Z-Y^ + 0(.-t+-') 

j 

and 

(3.17) PbVio = for i < m, while PbVio = — Lpj{z)a{Q{y') for i > m. 

j 

Moreover, according to the assumption p.6p . we have Vio{z, •) S Ei for i < 2. Like 
the aj terms, we will denote Vi instead Vio for simplicity of notations, and we define 
Vi := for i < 0. 

Next we consider the asymptotics of the rank one part of G"f. For this we 
need the asymptotics of Xj- The term x^^ipj- = — ^k=o'^kjX~^tpk + fj has the 
asymptotic 

N m+2 

x-^i^f{y) = - J2 ak,akiJ2a\{y)x^-'+' + ai^{y)x^-'+"-^ + 0{x^+"'\ogx). 

k,l—0 i—m 

Theorem 12.21 implies that, after setting 

N N 
k=0 1=0 

we get the asymptotics 

(3-18) ^^^'^{n-4: + '2i) '"^ ^ n^2 + 2m 

+ 0(a;"-i+"log2 x). 

for some e Ei such that = if i < 0. 
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The leading behaviour of G^^ and G^f at rbo is therefore 

m+2 N 

G-^ = x-^Y. H a^'(2/')«fe.«fc;^iW^'^^'^' + 0(x'^+'+™log(x')) 

i—7n j,k,l—0 

= ^ ^6^'(y')^,(^)a^'*~''''' + 0(x'^+'+"log(x')) 



and 



i—m j—0 



N /m+2 



(3.19) G;, = x-.g (^g 

2 N 

+ x-i^t..(z,y0^'*-'+Vx-i^a^^(y')x,(^K^-'+" + O(x'*-^+™'log2x') 

i=0 j=Q 

Note that the o;'""^"''"^ logx' term from {xx')~^Qb cancels that of {xx')~^ 
Xj- Thus, let us define for i ~ m' ,m' + I 



-4+4 _ k'K^^3+^{k') ^ 



Gl— :^,,,^-^-:ll:^,^x''(^Y.Pl2iy')^A^^) + v^-2{z,y') 

(3.20) 



Notice that P annihilates these models due to (|3.17p . since Z<i — 2<to— lin the 
second term. If to = or 1 we set 

G.bo - r(I^ + l+TO)2t+'" ^ 2^^m+2(2/)V',(^) 



TV 



' r(ii - 1 +TO)2t-2+™^ ^|^«m(^>2/')+^/3m(2/')V'j(2:)+<(y')Xi(2) 

Then using (|3.17p and p.l2p we compute for to = 0, 1 



"r(f - 1 +TO)2t-2+m 



4i-2+m 

f -4+m 



r(f-l + m)2^ 



In this case the error term E{k) will have leading behaviour at rbo no worse than 
log(pi.b(,) at rbo. When to > 2, we need to include an additional term in 



GX„ to kiU the 



N 

w{z) = w{z,y') := vo{z,y') + Yl3^oiy')fj{z) 

3=0 
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term coming from k^G^^^ (note that this term is actually constant in y' and that 
= if TO > 2). 

Lemma 3.1. There is a half-density v{z) E x^^^^^'^L'l such that Pi,v{z) ~ x^'^'w{z), 
with the asymptotic expansion 

We postpone the proof of this lemma to section [X71 Accepting this, we set 



N 



'K ( ') / ^ ^ 



X v{z). 



r(f - l)2i 



-2 ' 



— — —2 

and then again PG^^^ — —G^^^ , so the error term at rbo has leading term at order 

We next observe that the dependence of G^^ {z,K',y') on k' and y', for i = 
to', to' + 1 is always of the form k' Kn/2-i+j{n')bj{y') where bj e Ej. It follows that 

— —4+2 

P acting in the right variable kills these models, or equivalently that PGj^ = 
for z = to', to' + 1, to' + 2. In addition, we automatically gain two orders at the left 
boundary since P = xPbX and x = at Voq. Therefore the error term has leading 
order n/2 + 1 + to' at the left boundary. 

Using the formulae in (|3.14p . one easily checks that Gj.^bo^^* matches with G^f 
for i = m',?7i' + 1,to' + 2 and j E {-2,-1,0,1} at zf n rbo. The gI,^"*^* also 
match with G^^^, using the asymptotics of vio{z) and of Iy{n). Also note that when 
m' — 2 the matching of G^]^^ and G^^^ involves the subleading, rather than leading, 
term of at k = in G^^^. 

3.4. Additional term when n = 3 and m > 2. In this case, all terms we have 
constructed above are kept the same except the term G^f. Indeed, to match G^f 

2 1 

with G. r , we see that the term of order in the asymptotic 



K.{z)^^C-)-Hl-z + Oiz^)) 



implies the asymptotic of G^r at zf 



'bt, 

and we thus set the term 



bfo 

Gbtn - ^^'(MQb) - HxxTho{y)My') + o(p^f)) 



Glf = ~{xx')-^Yol{S^)vo{z)vo{z') 

which is compatible with G^f^ in view of (IXTHl) and My) = (Vol(S'2))-2. As 
for matching of G^f with G^^^ , it comes from the second asymptotic term in the 
k'Ki/2{'^^)'^o{z) term of G^.^\ 
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3.5. The case n — 5 with m = 0. In this case, we see that all our parametrix 
can be constructed similarly, except that a term at order 1 at zf needs to be added 
to match with G^.-^J'^: indeed z'^Ku{z) has a cubic term in its expansion only for 
n = 5, which explains why we need a nonzero G^f term, and this term will force us 
to add a G~f^ as well. 

For this part we assume that AI has one end to simplify, then dim Eq = 1 and we 
can always suppose that tpo is a normalized eigenfunction decaying like cox^^'^\dgb\^ 
with Co := ^j^QOioja^ and that the other ipj are in x^^''^^'^Ll{M) for small e > 
and orthogonal to ipQ. Then using Theorem 12.11 we can see that there exists 9 
such that P9 = tpo with 6 ^ eox^^^^'^\dgb\^ for some constant cq. Indeed, x~^ipo is 
in the range of Pb acting in x~^^^~'^Ll since it is orthogonal to the Null space of 
Pb on x'^/^+eT^s (^ii^ig j^^ii space being spanned by the {x'iljj)j^o), thus there exist 
6 g x^^^'^~'^Ll with Pb9 ~ x^^^o and 9 := x^^9 satisfies P9 — ^q. From Theorem 
12.21 and the equation PbX^^^'^ ~ 2x^^ + 0{xi), the asymptotic of 9 is given by 

and by considering Green's formula on lime^o /a;>e(^b^)^V'o ~ 9Pb{x%l)Q) = 1 we 
find eo = -(3coVol(S'4))-i. Then we define 

(3.22) G^f := -cgVol(5^) ® i^o + ® ^) , G^V - c2Vol(5^)V'o ® i>o- 

so that PGli ~ ~G^l . The term of order in k^^/'^G^^^'^ comes from the k'^^"^ 
coefficient in the expansion of Kj,/2W)i that is kx' ^/^/3 times 

N N N 

j=0 j,kA=0 j,i=a 

which implies consistency between G^f, G^/ and G^^J^. Note that G\^,G^^ also 

1/2. . 1/2 

match with G^.^^^ if we modify G^^^^ by adding the term 

r(3/2)2i/2 Vol(54)'^°^^^' 
as is straightforward to check using p.l4p . 

Remark 3.2. The analysis in this Subsection is only necessary if we wants to specify 
the leading term at rbo and the k~^ term at zf. If one is content to construct a 
parametrix with an error that iterates away, then one can specify G^f for j = 
—2,-1,0 as in p.l3p and leave G^f unspecified. 

Remark 3.3. A similar phenomenon occurs in dimension 4 and 6: the log term 
in K2{z) forces a term at order (2,1), i.e. at order fc2logfc at zf, which requires 
a nonzero G^j , i.e. at order logfc. We shall not emphasize this here although it 
is important in that it contributes to the leading order behaviour of the spectral 
measure at fc = 0. 

3.6. Error term and resolvent. The error term E defined by {P + k^)G = Id+_E 
now vanishes to order 2 at zf, order 1 at bfo and sc, and order n/2 — 1 + m' at 
rbo and n/2 + 1 + m' at Ibo (possibly with log terms at leading order at Ibo and 
rbo, and at zf for n — A,6 only — see Remark 13. 3p . Therefore it iterates away in 
the sense of Remark 2.12 of Part I, and as above the inverse Id +5* = {ld+E)~^ 
exists for small k and lies in the calculus. Here S has index sets contained in 
(2, 1)U(2 + ?^') at zf, 1 + K' at bfo, 1 at sc, (n/2 + l + m', l)Un/2 + l + m' + >J'' at Ibo, 
(rt/2 — 1 + m', l)U7i/2 — l + m'+INf'at rbo for some nonnegative integral index set 3\f' 
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and empty at bf, lb and rb. The resolvent itself is given by R{k) ~ G{k) + G{k)S{k) 
and satisfies 

Theorem 3.4. Assume that n> b, or that n = 3 or 4 with the additional condition 
that P has no zero-resonances. We also assume that P satisfies (|f .6p . Let m' be 
defined as in (|f .3p and assume (|f .4p . Then for small ko, k < ko, the resolvent 
R{k) — {P + fc^)~^ on half- densities satisfies 

(3.23) Rik) e ^-2,(-2.o,o),K(^^^ ^1/2) 

where the index family 3? satisfies 

3i,fC (-2,0)U (-f,0)U (0,l)UJsf", 

C -2 + K", 
3^sc — 
%ba = ^rba C n/2 - 4 + m' + 

for some integral (with log-terms) index set "N" > 0, and the empty set at all other 
faces. Moreover, the leading terms of the resolvent R[k) at zf bfg, sc, Ibo, rbo are 
equal to the leading terms of the parametrix G{k) as defined above. We also have 
R~j = G~j = in all cases except when n = 5, m = where R~j — G^^ is given 
by (|3.22p ." = for n ^ 4, 6; and is always equal to G^y modulo a finite rank 
term with values in kerj^2 P. 

Remark 3.5. In the case that M is flat R", Jensen [H] obtains R^^ — Pq, the 
projection onto the zero eigenspace, i?^^ — for n > 6 and gives the expression 
PqVGsVPq for i?^^ when n = 5, where G3 is the operator with kernel constant 
and equal to 1/3. Note that 

/ ViJ^j = — Atpj = lini / dr'4'j{R,^)diLJ 

JB5 JK5 JdB{R.,0) 

is equal to coVol(S'^) if j = and otherwise. Using this and Vo^S*^) = 87r2/3 
we can check that this is the same as our R~^^ for n = 5. The agreement on 
for j = —2 and j — —1, n > 6 is clear, so our results on the singular part of the 
resolvent at zf are in agreement with Jensen's. 

Remark 3.6. If we do not make assumption (|1.6p . our proof allows to construct a 
weaker parametrix (in particular with only the first term at rbo,lbo) which shows, 
with the composition formula [5, Prop 2.10], that the same result holds if n > 
6 but with another index set 31 which has same properties than Ji except that 
3?zf C (—2, 0) U 3?', and we can not specify the leading terms of R{k) at rbo, Ibo. In 
general the proof could be well adapted, there will be additional logarithmic terms 
at rbo and Ibp that need to be specified, which would make the paper extremely 
technical. If 7n = 0, then there may be terms of order p^^^ logPrboi Prb (logPrbo)^ 

— —2 

and p^^^ logpibo- The extra models will all be similar in structure to G 1^-4^1 for 
1 = 1,2 and create no essential difficulties. 

3.7. Proof of Lemma 13.11 To prove the existence of v, we use Theorem 12. !( 
which tells us that x^'^w{z) is in the range of Pf, acting on x^~^^^'^Ll{M) if and 
only if x~^w{z) is orthogonal to the null space of Pt on x^'^^^'^LKAI). 

Let us begin with the equation PG^f = Id — J^j i'j ® V'j : which implies that 
G'^fipj is in the span of the V'fc- If m > 2, the ipk vanish to order at least n/2 at 
a; = (as a b half-density). Now consider a. ifi £ kerP that lies in x^'^'^L'^ (and 
hence actually decreasing to order ^ corresponding to a (pj S kerPj, that lies 
in x^^^^'^L'^. Consider applying G^f to such a ^p. From the assumption m > 2 and 
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the fact that this Hes in the span of the ipj we see that the result is 0(a;^~^) as a 
b-half-density. However, the kernel of G^f vanishes to order —2 at zf and n/2 — 2 
at Ibo, while the lift of to zf (in the right factor) vanishes to order n/2 + 1 at 
rbo and Ibp. From this, we see that G'^fip apparently only vanishes to order n/2 — 2 
at a; = 0, with a coefficient obtained from the integral of ip against the value of 
x-t+^G^f restricted to zf n Ibo- But a;~t+^G°f restricted to zf n Ibo is, from (|3.19p 
(with the left and right variables switched) equal to 

We conclude that this integrated against ip{z') vanishes: 

(3.24) /• ^'-i(^,.)_^^^^.(,/)A^(,.)^0 

We also note that the coefficient of x^~^ must be constant in y. However 63 G E2 
which is orthogonal to constants so integrating in y (and recalling w is independent 
of y we deduce that 

[ x'''^w{z')tlj{z') ^0 

JM 

as claimed. 

So choose V S x~^~^~'^Ll{M) with PbV — x~'^w, which is defined modulo el- 
ements in the null space of Pb in x~"/^~^~'^L^(Af ). Then Theorem 12.21 and the 
asymptotic behaviour of w{z) using p.l6p show that 

= 2nin-2)YoliS--^) + ^"'"^^^^ + ^(^"'"^ 

for some p G E2 (recall that an L^-nornialized element of Eq is (Vol(S'"~'^))~5). 
It is necessary, in order to match with G^^^, that P — 0, and we will see that 
this can be obtained by adding a term in the null space of Pb in x~^~^~'^Ll{M). 
By Proposition 12.31 this is possible if and only if /3 is orthogonal to the subspace 
G2 C E2 consisting of the leading asymptotics of elements of ker P;, that are ~ x^^^ 
as a; ^ 0, or equivalently of elements ip of kerP that are ^ x~ as x ^ 0. 

We now prove this. Let ip be an element of kerP that is equal to x~^{y) + 
0(a:5"'"^), as a b-half-density, with 7 e i?2- Note by Green's formula we have 

P{y)i{y)dy = / i{y){P{y) + co) = lini / Pbv{z)xil){z) 

lim / x''^w{z)xl!{z) 



n-2 e^o 



so it is enough to show that 

(3.25) lim / x^'w{z)'4){z) = 0. 



Again we look at G^fp. Since now we are assuming ■0 ^ x^ , Melrose's Pushfoward 
theorem [10] tells us that 

G^fip ~ a;^"^loga;do(y) + x^^'^di{y) + 0{x^^^ logx), 
where di is given by a sum of terms 

lim / x'-Vu;(z')-E^^,(^'))^(^') 
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+ / Is{Qb){s,y,y'){s)^-^^{y')dsdy' 

and do — di — since m > 2. To compute the second term, we use the formula p.5p 
to obtain the hmit j{y)/2n. For the first term, we can take ip = x~^(pj without 
loss of generality, whence 7 = 020(2/)' ^^"^ compute 

N 

Y^h'M / x'~'vi{z')x'~'v,W)^ai{y) 
1=0 

since /^^ x'^ipi{z)x^^ipj = J2k=o OL^^of'^ and = Y.k=o Yh=o auatka2{y)- This 
proves that p.25p . and completes the proof of the lemma. 



4. Resolvent kernel for asymptotically conic manifolds 

We make the same assumptions as in the previous section, but allow M to be 
asymptotically conic rather than Euclidean. It is quite similar to the asymptotically 
Euclidean case but more terms come in the parametrix. We recall the definitions of 
m and m' in l|1.3p (now m is not necessarily an integer), define Vm = n/2 — l + m€ 
Ng, and assume (|1.4p . Then the eigenfunctions have asymptotics 

E <(y)x"^" + o(x^+i+^) 

l/„<l/i<iy„,+2 

for some e > 0. Now the term Qh has asymptotic on rb 

= E E v^^M^^y'WH^ogxr + oix""'^'^') 

A:— 1^0 <i/j <i/o+2 

for some e > 0, with v^.^k = if k — I, j < m, and 



if i < m 



with v^^ (z, •) :— v^._o{z, •) G E^. and v^^ (z, y') having leading behaviour (obtained 
from leiQb)) 

v,^{x,y,y') = II^iiM^x-'^. +0(x-''-Mogx). 
2iyj 

We also define := if z ^ Ng to match with our following notations. 
The Xj ai'S defined as in the previous section, and have asymptotics 



- 2: l 4(-.. + l) +^---^(^)J" 2^ + 



-1 

i/„<i/i<iy,„+2 



for some Pi e i?^ such that = for z < fQ. 
We set as before G^^^ :— kk'Qmo with 

00 

(4.1) Qbfo := E {l'^, {n')H{K' - k) + (K')i^., {n)H{K - 

dndydn'dy' 
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and (except for n = 5, m' = - see Section define 

N 



J=0 



G7j = 

(4.2) 



N 



Gil = {xx') 1 (Qb + ^(xj ® + <E> Xj)) 

3=0 

Gil = 

The leading behaviour of G^^^ and G^f at rbo is therefore 

AT 

G^{^ = ^ ^ al.{y')akjakmiz)x"''^^ + 0{x"'"'^^~^'') 

N 

= E T.bk{y>3i^y''-'+o{x'^-^'^') 

u,n<Vi<u,„+2 i=0 



and 



N 



(4.3) Gl,^x-^Y.\ E (i(!f^+/^^.-(y'))x'^'-^^.W 



j=0 \Vm<Vi<Vm+2 



N 

+ ^ T;.,(z,y')x'--^+x-i^<Jy')x,(^y'^"~'+0(2:'*-^+"'+^). 

iyo<i^i<i'o+2 i=0 

Note that the x'"^"^^ logx' term from (xa:;')^^Qb cancels that of {xx')^^ J^j 4>j®X3- 
Thus for i such that vq ~[- m! < Vi < v^) + 2 + m' , we define 

(4.4) 



If m' < 2, we set 

N 



r(j^„^ + 2)2 

j=0 



so that PG^b^^ G';:^;;"^ If now m' = 2, we set 

N 



J=0 

AT 



H -, — r-n-^x x v{z,y). 

r(f - l)2t~2 ^ ^ 
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where v is defined Hke in Lemma 13. f I (thus actuaUy v{z,y') is constant in y') so 
that 

N 

Pbv{z,y') = v^„{z,y') +'^Pl^{y')ipj{z). 

— — — 2 

Then again PG^^^^ — —G^^^ , so the error term at rbo has leading term at order 
P2t"'''^^') for some e > 0. 

4.1. Additional term when n ~ i. Now when n — i and to > 1, there is an 
additional term at zf at order 1 as when dM — S'^, this is 

Glf ~{xx')-'yohoidM)vo{z)vo{z') 

and it is there to match with the second term in the asymptotic of G^^_^ at zf. 

4.2. Terms at zf when n = 5, to' = 0. This works just as in the Euclidean 
case; we define G^^^ by p.22p . replacing Vol(S'^) with Vol(9M) (with respect to the 
metric h{0) from p.ip ). 

4.3. Error term and resolvent. The error term i? defined by (P + fc^)G = Id +i? 
vanishes to order 1 + e at zf (for some e > depending on a finite number of Vj), 
at order 1 at bfo and sc, and order n/2 — 2 + TO' + e at rbo and n/2 + to' + e at 
Ibo. Then it iterates away in the sense of Remark 2.12 of Part I, and the inverse 
Id +5* — (Id+i5)~^ exists for small fc > and lies in the calculus, where S has 
index sets included in 1 + Z at zf, (1, 0) U (1 + Z) at bfg, 1 at sc, n/2 + to' + Z at 
Ibo, n/2 — 2 + m' + Z at rbo and empty at bf, lb and rb for some index set Z such 
that Z > e for some e > 0. The resolvent itself is given by R{k) = G{k) + G{k)S{k) 
and satisfies 

Theorem 4.1. Assume that n > 5, or that n = 3 or 4 with the additional condition 
that P has no zero-resonances. We assume that P satisfies (jl.6p and (|1.4p . Then 
for small kg, k < kg, the resolvent R{k) = [P + k^)^^ on half- densities satisfies 

(4.5) R{k) e *-2,(-2.0,0).3J(^^^j^l/2) 

where the index family Ji satisfies 

3?,/C (-2,0)U(-1,0)U(-1 + Z'), 
^bf, C (-2,0)U(-1,0)U(-1 + Z'), 
3?sc = 

%bo = ^rbo C n/2 - 4 + to' + Z' 

for some index set Z' > e where e > depends on Ng, and the index set at 
the other faces are empty. Moreover, the leading terms of the resolvent R{k) at 
zf bfg, sc, Ibo, fbo are equal to the leading terms of the parametrix G{k) as defined 
above. We also have R~^ = G~^ (which vanishes except in the case n — 5,m' = 0). 

5. Resolvent: asymptotically Euclidean manifolds, dimension 3 

In this section we suppose that n = 3 and that P has kernel and possibly also 
a zero-resonance. We use similar notations and same method as in Section [3] since 
this is almost exactly the same problem, the only difference being that m' may be 
or 1. To simplify (to avoid log-terms coming too early in expansions) we make 
assumption (|1.6p throughout this section. 
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5.1. Terms G^^, G^^, G^j, . Transposed into the b-problem as before we have an 
orthonormal basis {^j)j=o,...,N of kerPf,. To siniphfy exposition, we assume that 
M has only one end. If P has a resonance at 0, then one of the (pj G kerP;, is 
~ ax^\dgb\^ at a; = for some a S C, which we may suppose is (po. We sometimes 
denote it (p instead to point out the difference with the other eigenstates. We shall 
use the convention (ySo = if is not a resonance. There also may be zero-modes 
ipj ~ x^^^a[ at a: = 0, with a{ S ker(A52 — 2) (these were ruled out in Section [3] by 
our assumption that m > 2 when n = 3.) 
We can decompose in an orthogonal sum 

kerPh = (kerPb n x^/^+'L°°{M)) © Jf © 

for some !K of dimension d < S = dimker(A52 — 2). Then we can suppose that 
(^4)1=1,...,^ is an orthonormal basis of 5f and in general 

= (ai(y)a:3/2 + ai{y)x''/^ + 0{xi logx)) \dgb\^/^ 

with a{ e ker(A52 - 2), e ker(A52 - 6) 

for any 1 < j < iV with aj = if j > d. The mapping ipj a\ identifies IK with 
a subspace (still noted IK) of ker(A52 — 2) and we denote by K""- an orthogonal 
complement of K in ker(A52 — 2). Let now {4>1j4'2,4'3) orthonormal basis of 
ker(A52 — 2), and we note a{ — X]f=i ^i/*^' some ajj S C. 

There exists Qfc such that PbQb = QbPb = Id — J2f=i ® as in Section [31 
Localizing near rb, the identity becomes PtQb = QbPb — — X]j ® 'Pj consid- 
ering Pf, acting on the right factor z', this gives the following asymptotic for Qb at 
rb 

f vo{z,y')x'^ +0{x'^^^) iftp^O 

\ ~a(p{z)x'hogx' + vi{z,y')x'^ +0{x'^^^) if 7^ 

for some Vi{z,y') — Vi{z), i = 0,1,2, constant in y', which, by considering the 
operator acting on the left variable z, must satisfy 

(5.1) PbVo{z) = 0, PbViiz) = -a^{z) 

This existence of vq is guaranteed by Proposition 12.31 if P has no zero-resonance. 
Similarly, if 1^9 7^ 0, the existence of an element u e x^^^^Ll such that PbU = 
if is a consequence of Theorem 12.11 indeed, Pb is Fredholm in x~^^^^'^Ll with 
index 1 and ip is in the range of Pb in this space since it is orthogonal to the 
kernel of Pb in x^^'^'^'^Lf. Notice that u is uniquely determined modulo kerP;,, it is 
poly homogeneous, and by adding a constant times tp to u, it can be chosen to have 
asymptotic 

u = bx^^ + ax 2 logx -I- 0{x^^^ logx) 
for some 6 G C. Then vi{z) = —au{z) + I3ip{z) + 77(2) for some /3 £ C and 77 € 
kerPf, n a;'^/^L°°(M). The normal operator at the front face Is{Qb) given in p.5p 
implies that ^0(2) has the aymptotic 

"o(^) = — r732T2;-5 -hO(x^) 
vol(ii^) 

when p — Q. While when ^ 0, Green formula with the asymptotics of u, p> give 
the relation 

{PbU, p) = \ = hm / {{xdxu)p — u{xdxp) = — a6Vol(5^) = —4nab 

thus ah = — (47r)~^. We now define 

Qb ■= Qb + u is> p> + tp <^ u 



Qb{z,z' 
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which satisfy PbQb = 1 — 'Pj ® fj- We obtain 

N 

P(^x^^QbX^^) = Id — xipj x~'^Lpj . 

Gathering this information, we find that, when ^ Q, the asymptotic behaviour of 
Qb at rb is given by 

(5.2) Qb{z, z') ^ bipiz)x''^ + + viz))x'^ + 0{x'^'^ \ogx'). 

We remark that the x' ^ log x' term of Qb at rb is cancelled by the ip ® u term of 

Qb- 

As before, we denote by {ipj)j=i^...N an orthonormal basis of eigenfunctions of P 
and express these in terms of the ipj by p.9p . Following the argument in Section [3] 
(see P-lOp ). we have 

N N N N N 

j=l j = l k=l 1 = 1 k=l 

We proceed exactly as before: we denote tpj- :— (1 — Hi^ci p){x(pj), then x^'^ipf = 
0{x^^) is not anymore in but instead is in a;"^^^i^. The extension of Pb to 
x^^^'^L'l is Fredholm by Theorem 12. II Hence x~^tpj- is in Range(Ph) on x^^^^Ll 
if x^^tpj- _L ker i+c^2 = ker^2 Pb. This is satisfied since 

= / V/'/'fc = / X^^Tpfxipk, 

and {x^j)j is a basis of ker i+e^2 ^b- This implies that there exists Xj G x^s^'^L^ 
for = 0, . . . , iV such that 

PbXj = x~'^ipf. 
As in Section [3] we set the term at order — 2 at zf to 

N N 

The term x^^ipj- = — X^a^i ctkjX^^ipk + <y5j has the asymptotic 

N 

a;"V/(2/) = - X! a/cjaM(aUy)a:"^ +a2(y)a^^) + 0(a;^logx) 
which implies that, after setting 

Af N 

(5-3) bj{y) := ^ X! 

m=l i=l 

we get the asymptotic 

(5.4) x-\,{x,y) = x-'/\~^bi{y) + pi,) + x-'/'{-^bi{y) + Pi) + 0(x'^ \ogx) 

for some /Sq,/?^]^ G C. It is important to notice that Xj is determined modulo 
elements in the null space of Pb in x~^/'^~'^Ll^ but this space contains either the 
function vq ^ {4,7:)^ ^x^^/"^ (if is not resonance) or a function Lp ^ ax^ (if is 
resonance), which mean in first case that any can be supposed to be by 
adding a constant times wq to Xj while in the second case any [3q can be taken to 
be by adding a constant times ^p. 

Observe that is O(pbfo) and x^^Xj ® x~^ipj,x~^(pj ® x^^Xj are 0{p^^^). 
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Note that we will often use the identity 

N N 

(5.5) ^:.-V,W&i(2/') -EnkerP(x^0W«-(2/') 

j=i 1=1 

which follows from dSS]), ([XTUl) and jO]). 

5.2. Term GZr . We next define Gr? . As above and Part I, we use coordinates 
(k = ^, k' = p-, y, y', k) which are valid near the interior of bfo. We write G^'^ = 
(KK')(5bfo where Qbfo solves 

-PbfoQbfo = Id 

and Pbfo is given by p.2p . We can write the general solution Qbfo in terms of 
spherical harmonics but we'll need an additional finite rank term when ^ 0, in 
order to match with the Lp + if ® u term of G^{. we set {H =Heaviside) 

oo 

+coUe,Ki{k,)Ki{k,'), with Eoiy,y') = l/Vol(52) = 

2 2 47]- 

for some cq G C to determine. In higher dimensions, this additional term is too 
singular at n = k' = 0, i.e. at bfo Hzf and therefore cannot appear. This coefficient 
Co is set to be when (p = while when ip ^ 0, it is constructed to match with G'^f 
we find, using asymptotics for Ki (z) given by 




z ^ 0, 



that Co — 2/t:. Indeed, using leading behaviours of u and if when tp ^ 0, the 
asymptotic of G^f near the corner zf n bfo is 

G'^,i={xx')-^(^Is{Qb) + ab{xix'--- +x'-'x--^)+0{p^l)) 

whereas the asymptotic of G^^^ near this corner is 

Gbfo = k^ixx')-' (^IsiQb) + ^[k-'{xx')-- - {x'h-i + x-2x'-^) + 0(p,f)^ . 

Recalling that ab = —I/Att from our analysis of G"f, we find that we must set 
Co = 2/7r (we emphasize that it is the subleading term and not the leading term of 
the Ki{k)Ki{k') term in G^f^ that matches with + 001*). The leading term 
will be at order —1 at zf and it will require us to have a corresponding nonzero 
G~f^ . Note that, with such a choice for co, the term of order k in the expansion of 
^bfo given by 

(5.7) (87r)-ifc(a;-5/2^'~^ +:e'"''^/'x-5), 
which will be useful to define G^f. 

5.3. Term G~f when is resonance, first attempt. To match with the term 

at order —1 of G^£^ at zf, we need a term of the form if) ® ip where ijj is a. zero- 
resonance. This has the form ^ = cx^^ip for some c 7^ to determine, plus an 
element of the null space. But matching with Gy^^^ implies that the leading term 
of ip is 

(5.8) = 
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where we chose the sign to be + by convention. This means ca = (47r)^2; the 
leading behaviour of "0 then agrees with the canonical resonance of Jensen-Kato 
[7j. As for the null space part (which does not affect the leading behaviour), it 
is natural to ask that ip is orthogonal, in a generalized sense, to the ipk- Observe 
that for 1 < j < d, ■(/' • tpj has asymptotic a{{y)x^ + 0{x'^) as a; — > and is therefore 
not L^; however, since aj is orthogonal to constants, the integral of a{{y) in y 
vanishes and therefore 



lim / V' ■ V'fc exists. 

'^^'^ J Mn{x>€} 

We denote this Hmit (V', V'fe)- We choose tp :— cx^^^p — (cx~-^y', ■!/'fe)'0fc to be 

the unique zero-resonance satisfying l|5.8p and with {i^,ipk} = for 1 < j < TV. (If 
there is no zero-resonance then we take i/; = in the formulae below.) This agrees 
with the canonical zero-resonance of Jensen-Kato in the case that (M, g) = (R^, 5); 
see Section 15.81 for more details. We now temporarily define (the tilde indicates 
that this will be modified below) 

which matches with Gr? . 

5.4. Term G^^^''\ We construct G^^J^ like in Section [3] with m = 1 if (/? = 0, while 
if </? ^ 0, we shall add a term. In any case, we define it to be 

(5.9) Gj --^Y^^j^,- E^^(y)^.(-) + P(77^(4-) ^^W- 

By construction and from the asymptotics of K1/2, K2/2, this terms matches with 
G~f^ , G~f^ , G^^^ and also with when </? = 0. The consistency between this 
term and G^j when ^ is less straightforward but it is satisfied using (i) from 
Lemma Em the expansion 

(5.10) >^'KiMn') ^ ^,3/2 1 ^,5/2 ,7/2 

and — (47r)^^/^c = 6 in view of the identities ab — — (47r)^^ and ca — (47r)^^/^. 

5.5. The terms GL, G^} . The term at order 1 at zf has to match with GZ^ and 
G;^''^. We first assume there is a resonance, i.e. ^Q- Then x ^tp is orthogonal to 
any xipu^ thus to the null space of in x'^/^+'^L^ for e e (0, 1), so we deduce that it 
is in the range of acting on x^^/^^^i^. Therefore there exists x G x~^/'^L°"{M) 
such that 

PbX ~ x^^ip or equivalently P{x^^x) — 4'- 
Moreover, considering the leading asymptotic of ip, we must have 

(5.11) X = -i (4^) -5^-3/2 + 7(2;)x-3/2 ^ ^(x-^) 

for some 7 € i?i since {—(xOx)^ + l/4:)x~^^^ = —2x~"^^^. Let us assume that 7 = 0, 
which can be arranged, possibly after adding a term x~^v for some v ^ —^x~'^l'^ 
in the null space of Pf, in x~^l^~'^L\. So as not to interrupt the exposition we defer 
the proof to Lemma 15.11 We then see from (|5.7p that a term 

(5.12) - (^(a;"^x)«)^ + -0«)(a;"^x)) 

of order 1 at zf would match with G^j^ , while from (|5.10p and (|5.9p it is clear that 

it would match with the -fsri/2(K') terms of G^^j^"^ (i.e. the first line of (|5.9p ) at 
rbo n zf. 
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It remains to add a part at zf, order 1, that will match the K^/2W) terms of 

3/2 7/2 

. These terms have leading asymptotic at zf, modulo 0{pjf ) 

3 d N 

^-3/2 / ,-1/2 i ,3/2 i ,5/2n -IV^V^ I a ( '\ ( \ 

p—1 l—l m,j — 1 



= (^'-V2_l ,3/2^1 ,5/2 



3 d 



2 3 

In particular, we see that a term at order 1 at zf must be added to (|5.12p . From 
Theorem 12.11 and Proposition [^31 there exists Oj £ x~'iL°°{M) for j = 1,2,3 such 
that 

P,e, = \ with 

\ for J > (i 
3 3 
=E^i(2^)^"^ ci(2/) =^c{,(/.,(2;) eker(As2 -2) 

;=i 1=1 

for some cjj G C. Then {c{)j=d+i,...,3 form a basis of IK^. From Green's formula 
applied to 

6,, = / ((Pfc0„ </7j) - (0„ Pb</Jj)) , j < d, ^ < 3, 

JMn{x>e} ^ ' 

we obtain, by letting e — > 0, 

ci (y)a{ {y)dy = Sij, j <d,i<3. 

Let C be the 3x3 matrix whose entries are Cji := cj;, A the 3x3 matrix whose 
entries are Aji := aj; for j < d and j4j; := c[;/3 for j > d (thus invertible), we have 
C = Note that 6j is determined up to a 0(a;~^/^) term and since this 

coefficient of order is constant, then, if = 0, we can add a constant times vq so 
that 9j{x,y) — X]f=i 'Ai4'i{y) + 0{x^). In the case ^ 0, the term of order x^^/"^ 
vanishes automatically; see Lemma l5 . 1 1 below . 

Let us define G^f, (the tilde indicates that this will be modified below): 

d 3 

Gli := (y^^d.ijx~^ej (g) nkorp(a:<^i) + dijl{]^cr p{x(pi) ® x'^^ 
1=1 j=i 

+ {xx')~^evo (8) vo, 

when If = 0, while if ^ 
d 3 



1=1 j=i 



({x ^x) (g) 7/; + -0 «) (a; ^x) 



where dij,e € C are parameters to determine and D := (dij) is the correpond- 
ing d X 3 matrix. To match with G~^^^ and using the fact that (0z)/=i,...,d and 
(nkcip(2;</3;))/=i,...,Ar are respectively linearly independent, this forces to have as 
matrices DC = ^HdA where 11^ : M3x3(C) —f Mdxsi'C) is the canonical projection 
from 3x3 matrices to d x 3 matrices (so that 11,;^ is the matrix A with the 
changed to 0). We conclude that 

(5.13) D = n^AA^. 
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Note that {dij)i<i,j<d = {o-it o-i) l^{s^) is a symmetric dx d matrix that depends 
only on (i^j)i<j<d. 

Consider the matching conditions G^f <-> G^^^. The terms in Glf involving 6j 
are 0{p^^^) so have no effect at order —2 on bfo- When <y9 = 0, the remaining term 
involving wo is of order p^^^ and so has to match with the p^f coefficient of G^^^ . 
Using (|3.14p we see that this conies only from the j = term of (|3.3p (since only 
for i> = 1/2 does the second term in the expansion of K^, differ from the leading 
term by one order). The terms match provided we choose e = — vo^S*^) = —An. If, 
on the contrary ip ^ 0, then we have seen that the terms involving x, are those 
who match with G^^^ , so this proves consistency between G^j- and G^^^ . 

Now we have on zf 

d d 

PGlf = -ip'Si-)Jj+ (^^^ dij{xipi) ig) p{xipj)y 
j=i i=i 

This is not quite what we want since we require PGl^ = —G~^ with PG~^ = 
in order to construct a parametrix at order 2 at zf. To remedy this we decompose 
X(pj = Ily^ci p{xtpj) + ipj- and then modify G^f to 

d 

Glf := ^ {dijX^^{9j - X]) ® likcv p{xipi) + d^jx'^^Il^^cr p{xipi) <S) (6*-, - X])j 
« j=i 

d 3 

+ ^ d^jX^^Oj pixipi) + dijx' ^Ui^ci- pixiPi) iSi 

i=l j=d+l 

— 47r(a::a;')^"^i;o ® ^^o 
when P has no resonance at while 

d 

Glf := ^ (^dijX^^{9j - Xj) "S) li^^cr pixipi) + d^jx' ^Ilker p(a;(/Ji) <S) (Oj - Xj)j 

d 3 

+ ^ d^jX^^Oj (g) Il]^cr Pixipt) + dijX' ^nkerp(a^'Pj) ® dj^ 

i=l j=d+l 

- {{x^^x) (g V' + V' «> ix''^x)) 
when is resonance, so that 

d 

PGlf = ^ d^jT\]^c^ p{xipi) (g) U]^erp{x(pj) - (g) V 

Then we modify G~f^ to set 

d 

(5.14) G^/ := - ^ fiynkcrp(a;v5i) U]^cr p{x(pj) + ip (E) tp 

h3 = l 

which is a symmetric expression satisfying PG'^^ = and matching with G\f in the 
sense PG\f = —G~^. (We also observe that G^^ agrees with that in Section 
when m = 2 since then d = 0, hence D = 0, and t/i = x = 0.) 

Let us now prove several deferred results in the following lemma: 

Lemma 5.1. (i) The coefficients fS'Li from (|5.4p satisfy 

N N 

(5.15) ^/3iiX-Vj = {i7T)-iY.{cx~^^,^PkHk. 

3 = 1 k=l 
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a) The term 7 in the asymptotic i5.ll]) of x is zero i/dim J{ = 3 or can made by 
possibly adding an element in !K. 

Hi) If (f ^ 0, the coefficient of x^^l"^ in the expansion of Qj is 0. 

Proof: the proof of all claims follow from Green's formula. To prove (i), we 
apply Green's formula to 

lim / {PbXj , c(p) ~ {xj , Pb{cif>)) 

J Mn{x>e} 

and obtain [Ati)^ (3^_-^ = (Ilker p(a;</5j), cx~^ip)] using p.lOp and the identity x~'^Lpj = 
St=i we obtain (|5.15p . 

For ii), we apply Green formula 



{Pi 



.X)xipk - xPbixtl^k) = / {xdxx)-x'(pk - x-^dx{xipk) 

J x — e 



for any -0^ S ker P and let e — )■ 0. The limit has to be zero by construction of x and 
since Pb{xipk) — 0, but from the expansions of x, (|3.6p and p.9|) . we see that the 
right hand side has for limit (up to non zero constant) X]j=i "^^i /s^ l{y)'A{y)- Now 
akj is invertible so 7 is orthogonal to the functions (a{)j=i,...,d on S"^ . If d = 3, we 
get 7 = 0, otherwise from Proposition 12.31 there is a function with the asymptotic 
~ x~^^'^j{y) in the null space of Pf, thus i) is proved. As for iii), this is similar 
by using Green formula on J^^^{Pii6j)ip — {Pi,ip)9j and taking the limit as e — > 
(which gives 0). □ 

5.6. The term G~^^'^. To see what G^.^^^^ should be, we consider the asymptotics 
of G^f at rbo. These are first (where we use ()5.5p ) 

d N 

=x'^^'^ y^^Il]^cr p(x(pj){z)a{{y') + x'^^^ '^Uy.ci p{x'Pi){z)a2{y') 
j=i 1=0 

+ 0(a;'^/' logs') 

d 

G;/ = - x''^' d^,ni,,,p{x^,){z)b{{y') - {Anr'/'x'-'^'i^iz) 

+ x'^^^(j>{y')i:{z) + 0{x'^^^) 

where e £^1 is the term in the expansion ^Ij{z) = {^ttx)^^/'^ + (l){y)x^^^ + 0{x'^^^), 
and if there is no resonance 

N 

+ x'-"'\x-\^{z) + ^ nkcrP(x^,)(--4(y') + PI)) + 0{x'"^) 
1 

Gil = 3 E nker p (2;^ ) {y') 
1=1 

- x'-'^'(^X~\o{z) - 2 E rf.,nkcrp(x^»)6{ (?/')) + 0(2:'"'/'). 
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while if there is a resonance 

d 



N 



3=0 

1 ^ 

Gil =3^'"^^^ X! ^)^ci-p{x(pj){z)al{y') 

3=1 

d ^ 

,'-^'\li^{z) - J2 d^JIl^..pix^^){-b{{y') - PL,)) + Oix'-'/\ 



X 

i:3 = i 

where// G Cis defined from the expansion x = — ^(47r)~^/^2:~'^/^+/ia;~^/^+0(x^/^) 
and 77, /3 are defined in the construction of G^f from the expansion (|5.2p of Qb at 
rbo- We need to check that the coefficient of x'^^^^^-' in the expansion of G^j agrees 
with the coefficient of k'"'^^^^ in the expansion of G^^J^ , and finally come 
from the expansion of Xj- Let W G C°°{[0, 1]) a function with support in [0, 1/2) 
which is equal to 1 near 0. We set 

k'Ki(k') ^ 

172 d,jnkcrp(x(^«)(2:)&i(y') 



r(3/2)2i/ 

k'K.{k') ^ 

Zenker p(a;(^;)a2(y') 



r(5/2)23/2 
when if = or 

d 

G-y := - K'^^^W{K')(^fii,{z) + /3iid^,nkcrp(x(/5, 



+ x-i(/3(^(z)+?7(z)) 



r(i/2)2-i/2 



172 2^ djjnkorp(a;<Pj)(z)5{(y') 



r(3/2)2i/ 

t,j=i 

k'K.{k') ^ 

2 Z^nkcrp(a;</'i)«2(2/') 



r(5/2)23/ 

if ^ 0. By construction, both satisfy these matching conditions with G^f, 

— 1/2 —2 

z = —2, . . . , 1. The matching G^^ ^ G^^ just involves the vq term, and only 
when there is no resonance. To conclude PG , ^ = in both cases. 

rbo 

— 3 /2 

We define G^]^^ by symmetry with respect to the rbo terms as before. 

5.7. Resolvent. Let G(fc) £ 5*^, ' ' (M, £7^' ) be an operator consistent with 
all the models we have defined above, and let E{k) — {P + k'^)G(k) — Id. Then 
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where £ is an index family with £bfo > 1, £sc > 1, £rbo > 1/2, £ibo ^ 3/2 and 
£zf > 2 and it also has empty index sets at the other faces. By Corollary 2.11 of 
Part I, the error term E(k) iterates away under Neumann iteration. 

The true resolvent is given by R{k) — G{k){l + E{k))~^ and the composition 
result [SI Prop. 2.10] implies 

Theorem 5.2. If n — 2>, {M,g) is asymptotically Euclidean with one end, then 

i?(fc)gVl/;2.(~2,0,0).3^(^^^.^l/2) 

where where % = -2 + 31', Jibf^ = -2 + 3i\ = 0, %bo = ^^^o -3/2 + 3?', 
for some integral index set 51' > 0, the index sets at the other faces being empty. 
Moreover, R^^ = G^f for j = -2, ~1, R^l = G^^, i?-f = G'^ , whtle R% = G% 
up to a symmetric finite rank term with range in ker^2 P © iCip where is the 
resonant state. 

5.8. Comparison with Jensen-Kato. In Jensen-Kato compute the order —1 
term of the resolvent (that is, R~^ in our notation) for P = Ar3 + V where A^a is 
the Laplacian on flat Euclidean space R^. Their result is (in operator notation) 

(5.16) R;,' =IlaVG2VIla + ^®4^, 63(2, z') = TT^I^ - 

Here we write ip for their canonical zero-resonance and Hq for projection onto the 
null space of P. Let us verify that this agrees with our G^^^ defined in (|5.14p . 
in the case that M is flat M'^ and the potential function satisfies our conditions. 

First we show that ip agrees with our ip. Assuming, as Jensen-Kato do, that V 
decays at infinity faster than x^, ip is characterized by the condition 

UoVG2V4> = 0. 

We need to adapt their Lemma 2.6 as follows: 

Lemma 5.3. Suppose that u,v are both in x^L"^ for some (3 > 5/2 and that v is 
orthogonal to 1. Then if Go{z, z') = (47r|z — 2;'|)~^ is the Green function of Ai^a, 

{u, G2V) — lim / Gqu ■ Gqv. 



R — >oo 



B{OM) 



(In [7] both u and v are required to be orthogonal to 1, and the inner product on 
the right is then well-defined without regularization.) Using this lemma we compute 
for any w £ ker]^2 P 

= {^oVG2V^iJ, w) = {V'iij, G2VW) = lim / GoV^j ■ GqVw 



R — >oo 



R — >oo 



lim / ip ■ w. 



B{0,R) 



This shows that ip is the same as our ip. Thus it remains to show that the first 
term in (j5.16|) agrees with the first term in ()5.14p . 

So consider the operator nol^G2V^no. This operator can be written 

1 

24^ 

(5.17) 



i-^V-^® f Mz)V{z)\z^ z'\^V{z')ij{z')dzdz''^ 
^ ^ ® 1/;, ( y i^,{z)V{z){\z\'' ~2z-z' + |zf )T/(z')V',(^') dz dz'^ . 



247r 



We change back to writing the eigenfunctions as functions rather than half-densities, 
and use x for a smooth positive function on equal to \z\^^ for \z\ > 1. In this 
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notation ipi ~ x'^ J^j ctijO-i (see p.9p ). and aj = for j > d + 1. Also recall that 
is an eigenfunction on the sphere with eigenvalue 2, hence 




in terms of the orthonormal basis ^JZ/Airxzi of this eigenspace. 

First we claim that the \z\'^ and jz'p terms in (j5.17p vanish. To see this we 
observe that Vijjj — —Aipj since il^j is a zero-mode of P. Also, each ipi = 0{x'^) 
and, by Theorem 12.21 is conormal at a; = 0. Hence J Atpj — since '^ipj — 0{x^) 
has sufficiently fast decay at infinity. We are therefore left with the cross term 
involving z • z' in (|5.17p . 

Next we claim that if either i > d or j > d then the corresponding z • z' term in 
()5.17p vanishes. It suffices to assume that j > d. Then, again using Vipj = —Aipj, 



J z^A^, = J Aizl^p,] 



— 2V k'>Pj vanishes. 



We are left with terms where i,j < d and involving the cross term z ■ z' . We 
may choose a coordinate system in which aija\ is a multiple of xzi. Then 

4Ai/'i = lim / z'k^AiPj 



lim [ A(z^V,)-2VfeV, 



(5.18) 




127rN a.ija{6ik 



We see from this that 
1 

12^ 



AV'i(z)z- z'Atljj{z') = y^^aiiajrn{a[,aT)i 



In this form we see, using p.lOp . (|5.14p and the line below (|5.13p . that this agrees 
with our G^f^ = R^f^- 

5.9. Unboundedness of Riesz transform on L^. We see from the results of 
this section that the term R~^^ does not vanish if either there is a zero resonance or 
a zero mode -0^ ~ x^^'^\dgb\^^^ of P (i.e. if to = 1 in the notation of Theorem 1 1.3p . 
It follows that the integral (|1.5p defining P> ^^'^ does not converge, leading one to 
suspect that the Riesz transform is not defined — even on L^. In fact, a simple 
direct argument shows that this is the case. Suppose for simplicity that the pure 
point spectrum of P is a single zero mode of P with asymptotic tpk x^^'^\dgb\^/^ . 
For the Riesz transform to be bounded on we require that there is a constant C 
such that 

{df,df) <C{PfJ) 

for all / e H'^{M) n (1 - no)L^(Af) (in this case 1 - IIq = n> is the projection 
on the positive spectrum of P). To simplify let us present the argument when 
there is a single zero mode i/j^ as above. Then (after rotating coordinates) 
i'k ^ zi/r'^ + 0{r^^). Let x be a cutoff function supported in {1/4 < |z| < 2}, 
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equal to 1 in {1/2 < \z\ < 1}, and let := R^^xi^/ R)zi/r. Then, as i? ^ cxi, 
||0fl||L2 R^^'^, \\d(t)R\\L^ ~ and {(j)R,ilJk) ^ A for some constant A^O. We 

have Jr^ (t>R~ {(t>R,il'k)'4>k in the range of (Id -Eo) and 

{dfR,dfR) ^ |(0fl>fe)n|d^fe|P - A^WdM? ^ 0. 

However, 

So no such constant C can exist. A similar argument with the zero-resonance (tak- 
ing (j)R = x(r/i?)r~^) gives the same result and the general case works exactly 
the same way, using in addition that the eigenvectors corresponding to negative 
spetrum are vanishing at all order at oo by Agmon estimates [5]. 

The same arguments clearly works as well for the conic case investigated in the 
next section and it shows that there exists a sequence /r G n> (L^(M)) and a{R) — > 
oo as i? — > oo such that ||(i/_R|p > a{R){PfR,fR), as long as 1/2 < m < 3/2 in 
dimension ?i = 3, < to < 1 in dimension ?i = 4 and < m < 1/2 in dimension 
n = 5. 

6. Resolvent in dimension 3: asymptotically conic manifolds 

It is interesting to see what happens in the three-dimensional case when the 
manifold is asymptotically conic, rather than asymptotically Euclidean. In this case 
there may be models at zf at non-integral orders between —2 and 0, i.e. nontrivial 
R"f for —2 < a < 0, a =/= —1. Indeed, the fact that there is a nonzero term i?^^ at 
the particular order —1 in the previous section is related to the precise value of the 
second eigenfunction of the Laplacian on with the standard metric, and is not 
at all typical in the class of three-dimensional asymptotically conic manifolds. 

Rather than attempt a comprehensive treatment, we consider only a couple of 
very special cases. We give very few details and only indicate the most interesting 
features of these examples. 

6.1. One zero resonance and no zero modes. We assume that (A/, g) is asymp- 
totically conic and recall the set NgM from (|2.3p . Let us assume that P has one 
unique resonant state ip at zero energy with asymptotic ip{x,y) ~ a^{y)x^~^\dgh\'^ 
for some v S [1/2, 1) fl Nqm, e > and S Ey. In terms of the operator P^, this 
means that has a unique L'^ (normalized) zero-mode f — xip with asymptotic 

(6.1) ^{x,y)^a,x'' + ^ x'^^a^M + 0{x''+^+') 

where a^i G E^. . 

We choose G"f as in Section [5l 

G% = {xx'y^ (Qb + u'g)ip + (p'Siuj 

where Qi, is the generalized inverse of Pb, i.e. PbQb = Id— (ys (g) (p and u e x^'^^'^Ll 
is a function such that PbU = (p. The existence of such a u with asymptotic 

{6.2) u^b-x-''+ {K^''''+bty')~^x''\ogx+ J2 b+y^+0{x^+'), 

\ll<Vi<V V<Vi<\ 

where the Vi runs over the set Nqm and h^. e Ey^ , is ensured by Theorem 12.11 and 
Theorem O 

We define Gj^^^ similarly to the Euclidean case with a resonance, that is G^^^ = 
KK'Qhio where 
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Qbfo — 



J2 ^E, {k')H{k' -k) + {k')K,^ {k)H{k - k') 

L j=o 

dndydn' dy' 



+ c^a^{y)a„{y')K^{K)K„{K') 



where G C is to be determined to get matching with G^f. Considering the 
asymptotic expansion of G^^^ at zf gives 

(6.3) G^l = V{vf2''--\Kn'f--a,{y)a,{y') + {nn')-^ Is{Qb) 

The Cy term has to match with the {xx')~^{u ® ip + ip ® u) term of G°f. A short 
computation proves that they match as long as Ci, = — 2/(r(zy)r(l — i^)! |a,y| p). This 
wiU force a term at order —2v to be added at zf. We set 

G-^'' := ^ 1^ 

where V = 2''- 2 yjT{v)/T{\ ~ v)\\ay\\ is chosen (up to sign) to match with 

the (kk')^-'' term of In other words, '0 is the unique function in the nuU 

space of P with asymptotic 



where (/)^ is a function in with I? (dM) norm 1 . Note that the order of this term 
is — G [—1, 2) under our assumptions on ly. 

These models can be completed to a parametrix G(fc) with error term that 
iterates away, showing that the resolvent is phg on and that R~f^^ = G~^'^ = 

6.2. One zero mode and no zero resonance. The next example we consider is 
that P has one zero mode 4'{x,y) ~ a,j[y)x''~^ for some v £ (1,3/2], ai, £ E^. In 
terms of the operator P;,, this means that Pf, has a unique (up to sign) L^-normalized 
zero mode = xip with asymptotic 

^{x,y) = a,x'' + x-'^a,M + 0{x''+^+') 

where a^. £ E^.. We may take ip to be L^-normalized and write ip = cx~^ip for 
c := ||a;~VllL2^- 

We follow the method of Section O We set the first term at zf to 

G°f := {xx')-^ (Qb + X®V + V®x) 

where Qf, is the generalized inverse of Pfc and x G x'^^'^^'^lP^ is a function such that 
PbX — x^^ip^ where ip^ := xp — {xip, ip)'p = xp — cip (recall 'p — cx^^p is the 
normalized eigenvector). We thus get PG°f — Id—ip^'p a-nd we set 

G7f2 := ^ ® 1/;, G^l := kk'Qm„ 

where Qbfo is given in (|4.ip . 

The G~f^ term requires a matching term at order — 3 at rbg which we take to 

be 

G^rbo = ^^;)^ca,(2; )V(z). 
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This in turn requires a term at order 2z/ — 2 at zf, from the term in K,^{k) as 
K ^ 0. To match this with G|^^'^, we note that there exists u G x~^~'^L^ such that 
PbU — if) and with asymptotic 

\ll<Vi<\ 

with 7 := — 2i^||aj^||^2(ajv^-) (we have used Proposition l2.3l so that the x^"* powers do 
not show up for 1/2 < < v). Thus we have P{x~^u) = x(p and P(x~^{x ~ u)) = 
jfj-^ — x(p = —c4>- Then we define 

so that PG^p^ = -G^p** and they match with the C^^^f term at rbo n zf. 

FoUowing the same method used for the asymptoticaUy Euchdean case above, 
we can complete this to a parametrix so that the error term iterates away, and we 
find that the resolvent is again poly homogeneous, with = G^j for j = —2, 2v — A. 

6.3. A limiting case. We have not discussed what happens in the case v ^ \. 
This corresponds to a zero-resonance that fails only logarithmically to be square- 
integrable. In Sect ion [01 we saw that for v e [1/2, 1) there is a nonzero term R~^" , 
but with a coefficient r(l — v)^^ that vanishes at i/ = 1, so it is not clear what to 
expect at v = 1. (We can also note that the simple bound \\R{k)\\L^^L2 < 
valid near k — prevents any behaviour more singular than in the kernel of 
R(k) as fc — > 0, while a term at order fc^^ can only be expected if there is an atom 
in the spectral measure at fc = 0.) 

What happens is that the resolvent becomes non-polyhomogeneous in this case 
and there is a term of order fc^^(logfc)~^ in the expansion of the resolvent at zf. 
Even though the resolvent in this case fails to be non-polyhomogeneous, the polyho- 
mogeneous calculus can be used to construct a weak parametrix with a 0(1/ log fc) 
error term. Rather than do this here, instead we move to the four-dimensional 
case since the same phenomenon occurs there in the asymptotically Euclidean sit- 
uation, which is perhaps of greater interest and importance. This is the topic of 
the following section. 

7. Resolvent in dimension 4 with a zero-resonance - asymptotically 

Euclidean case 

Assume now that (M, g) is four-dimensional and asymptotically Euclidean. To 
simplify the exposition, we assume p.6p as before. As mentioned above, this case 
is a special case in which the resonance only fails logarithmically to be square- 
integrable, and this leads to non-polyhomogeneous behaviour of the resolvent. Our 
strategy is to find a polyhomogeneous kernel G{k) on Af^ such that 

{P + k^)G(k) = log fc • Id +E{k) 

for some polyhomogeneous function E{k) which is the integral kernel of a com- 
pact operator uniformly down to fc = 0, with operator norm uniformly 
bounded. This means that Id -|-i?(fc)/ logfc can be inverted using the Neumann se- 
ries for small fc, and this yields the resolvent (G(fc)/ log fc)(Id +_E(fc)/ log fc)^^ which 
we see has an expansion in powers of 1/logfc (in the interior of zf, say). 

To avoid problems coming from the nature of the function log fc near bfo H zf, 
we will now switch to use the boundary defining function k' = k/x' for zf, and x' 
for bfo (at least outside bfo n rbo) and for rbo, both of which commute with P. 



34 



COLIN GUILLARMOU AND ANDREW HASSELL 



Following our previous notations, wc shall denote by Gj the term defined on the 
face f which corresponds to the log(pt)^ coefficient in the asymptotic expansion 
at the face f, where pf is the previously fixed boundary defining function of the 
interior of the face f . 

7.1. Diagonal and scattering face terms. The diagonal singularity of G{k) is 
encoded in a symbolic term which is the symbolic inverse of log(A:)cr(P + k^) and 
the leading term at the scattering face sc is the inverse of log(/c)(A + k^) where A 
is the flat laplacian on the fibers of sc induced by A^. 

7.2. Terms G°f^, G"f. A resonant state ip correspond to an normalized element 
If e kerPf, in Ll{M) \ x''Ll{M) (e > small) by the relation V' G Ca;"V: it has 
asymptotic (f — ax + 0{x^) for some a € C. We follow the method applied for 
n = i and thus we will only give few details. There is a generalized inverse Qb for 
Pb such that 

PbQb = lA-ip®if. 

By Theorem l2.H there exists u £ x^^^'^L^ such that PbU — ip and with asymptotics 

u = bx~^ — ^xlogx + 0{x'^) 
for some 6, c e C satisfying ab = — (2vol(S''^))~^ from Green's formula applied to 



+0 

We set 



1 = lim. / {PbU, if) ~ {u, Pb(f). 

Mn{£!;>e} 



Gj,f ^{xx') ^{Qb + u® ip + if ® u) 



so that f G°f^ — Id on zf. Note that Iff (Qb), the restriction of Qf, to ff = zf n bfo, 
is given by p.Sp with n — A. Like the case n = 3 in (|5.2p . we have the asymptotic 
at the right boundary 

(7.1) {xx'y^iQb + u®p + ip®u) = bx'^^f{z) + Pip{z) + 0{x') 
for some /? G C. At bfo n zf, we have 

(7.2) G^J = ixxT'HQb) ^^J^^ + Oip^l V(PbfJ). 

We shall also define (the tilde indicates that it will be corrected below) 

G°f = log{x'){xx'y ^{Qb + u(E)(p + (p(E)u). 

which satisfies PG°f = log(x')Id. Note that P(log(K')G"j^ + G°f) = log(fc)Id since 
logK' + logx' — logfc, moreover the same argument shows that G^j^iG^f match 
with the diagonal singularity term. 



7.3. Term G^/;' and G^^j^ . With this new boundary defining function for bfo, we 
write P + k^ = x'^KPbfo'*^^ and thus we set G^^'^ = -^Qbfo where 

oo 

The term log(a;')a:'~^G~f^'^ matches with the log{x){xx' )~^Qb part of G°£ and cer- 
tainly match with log(K')G^f at zf fl bfo. We can not add a finite rank term 
Ki{k)Ki{k') to G^f^'^ like we did for the case n = 3 to match G°f since this would 
imply a term of order p~f^'^ at zf to be added, and then we would not be able to end 
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the construction of a parametrix with a sufficient error. However we can instead 
put a term of order p^^^ at bfo that wc call G^^_^ , we define it by 

Hi Ki 

for some cq € C and we get /bfo(a^' ^{P + 1^'^))^^^^ = log(K')Id. Using the asymp- 
totic 

Ki{z) = z^^ + izlogz-|-Q!Z + 0(z^logz), a + 1 27 

at z = with 7 Euler's constant, we find 

(7.3) G^l = co«'"'+log(K')(y(i' + l)+<gbfo)+co(a(l+t2) + ^log(t))+0(p,f) 

where t :— k/k' = x' /x is smooth and non vanishing outside rbo,lbo but near 
zfnbfo. The term of order x'^^ log(K') matches with the vo^S*"^) term of log(K')G'"f^ 
if and only if co = — l/vo^S*"^) = 2ah. The consistency of these two terms with the 
diagonal singularity is again straightforward. 

7.4. Term G^^ . The most singular term of the asymptotic ()7.3|) at zf forces to add 
a term of order k at zf, we call it CJ^f and define it by 



2 ^ - ^ ®^ ^ with i) e Cix ^ip), such that V ^ \ — tttt^- 
x' y vol(5'^) 

(Recall that now we are using k', not k, as the boundary defining function for 
zf.) Note that k'~ G~^ certainly matches with log(K')Gj^£^'^ and x'^ ^bfo' 
moreover it solves PG~^ = at zf. 

7.5. Term G^j corrected. We need to correct G^j so that it matches with the bfg 
terms. We just set 

G% := \og{x'){xx')-^{Qb + u®(p + (p®u) + {e®ip + i)®6) 

where 6 is chosen to be a polyhomogeneous function satisfying 



a; log X 1 



2v/vol(53) Y vol(53) 



ax + 0{x). 



A short computation shows that G°f matches with the bfo terms and PG°f = 
log(a;')Id + iP0) ® ip. 

Remark 7.1. In principle, to improve the parametrix and get a better error term at 
zf, it would be necessary to have P9 — ij) so that PG°f = (logx')Id — /c^k'^^G^/. 
Using the Theorem l2.1l we can find a function v £ x~^~'^Ll such that Pi,v = 
or equivalently P(x~^v) = ip and one can check that v satisfies the asymptotic 
V = x~^ logx + px"^ + 0(a;loga;) for some p. € C However we are not 



2y'Vol(S3 



able to prove that /i — ~a/ ^/^/ol{S^ in order to take 9 := x^-^v, and we believe 
that this actually does not hold in general. Notice in addition that Green's formula 
applied to J^^^ P{x~^v)ip shows that 

(7.4) llV'll?p:=fp.-.o / I^P- J-Mv/Vol(^ 

where fp means finite part (i.e. we keep the e° coefficient in the asymptotic expan- 
sion at e ^ 0). 
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7.6. Terms at rbo- We first set 

which matches with the 3 zf terms using (|7.ip . There is a term at order — 1 at rbo 
coming from the second asymptotic term in the expansion of ij} in G~f : writing 



= l/VVol(S'3) + <j)i{y)x + 0{x^ logx) 
for some 0i G Ei (recall Ej = ker(A53 — 3)), we set 

Then using again (jT.ip we see that the term 

G%\ ■.^f3x-^^{zyK,{K') 

matches with the zf terms. Notice that the 3 terms at rbo solve PG*\^ = and are 
consistent with the bfo terms. 

7.7. Term at Ibg. Here we may use again the function fc as a defining fimction for 
Ibo, then we set 

G^,l := -KK^{n)x'-\{z'). 
Notice that GJ^^ solves the model equations at the Ibg face. 

7.8. Resolvent. One can construct an operator 

G(fc)elogfc.vi/-2^(-^-2^°)'S(M,fi^/^) + *-^^(^^^^^ 

consistent with all the models we have defined above, where S is an index set such 
that 

Ssc = 0, Sbfo c (-2, 0) + 9', Szf c -2 + g', g,b„ = Sib,, = -2 + g' 

where S' > is some integral index set (including log terms). The error defined by 
E{k) = —{P + k^)G{k) + (logA:)Id is in where £ is an index set (integral 

except log terms) such that for any e > 

(7.5) £rf > 0, £bt„ > 1 - e, £rbo > 0, £ibo > 1, £sc > 1 

with the empty set at the other faces. 

We can now state a result concerning the expansion of the resolvent as fc — > in 
two different senses: 

Theorem 7.2. Assume that n — A, that M is asymptotically Euclidean, and that 
keri2 P = but P has a zero-resonance ip at normalized as above. Let R{k) 
denote the resolvent {P + fc^)~^ of P. 
(i) The kernel k^R{k) has an expansion 

oo 

(7.6) k^R(k) = ^(logfc)-^i?j(fc), 
with Rj{k) in the calculus: 

(^^^ RAh)^^l''''''''-'''iMM,'\ 

3?L = No, 3?i^c(0,0)u3l'\ 3l^,,„,3l],„c3^'^ 3?^^^ = (0, 0) U 31'^' 

for some index set Dl'-' > 1 — e for any e > 0. The terms in the series are eventually 
bounded operators on L? , uniformly in k, and the series converges in the norm 
i°°([0, fco]; II • ||l2^^2) for sufficiently small ko > 0. 



RESOLVENT AT LOW ENERGY AND RIESZ TRANSFORM 



37 



(ii) In addition, for any compact set K of {{z, z') € M° x Af °, z ^ z'}, and for 
any e N, e > the kernel k^R{k; z, z') of k^R{k) has an expansion of the form 
(7.8) 

N oo 

k^R{k;z,z')=J2 Re,j{z,z')k\\ogk)-'+0{k^{\ogky^^+^'>), {z,z')eK 

i=Oj=-j{e) 

for some J : N N and Rij S C°°(fi:), which converges in L°°{[0,ko];C°°{K)). 
The kernels i?o j satisfy Rq j — for j < and 

Ro.j{z,z')^{-iyLU^-^i;{z)ij{z') 

for j > 0, where the real number lo is given by (|7.10p . 

Proof. Let us define E'{k) :— E{k)/\ogk. We first prove that, for j > n/2 + 1, 
E'{ky is a uniformly bounded (down to fc = 0) family of Hilbert-Schmidt operators 
with norm converging to as fc — ^ 0. In view of (|7.5p and the composition theorem 
(Proposition 2.10 of Part I the kernel Ej{k; z, z') of E{ky is bounded by 

(7.9) \E,{k;z,z')\ < Ca:i-(-^)|dg,rfg^|i/2 

where C is uniform in k G (0, 1): indeed E{ky is an operator in for some 

index set £^ satisfying same bounds as in (|7.5p but with fi^^, > n/2 in addition. 
(See Definition 2.7 of Part I for why we need the vanishing factor of order > n/2 
at sc.) We consider the norm of the kernel of Ej{k, z, z') on Af^: let us fix k, 
then in the region k> x' we have (it suffices to work in x, x' G (0, 1)) 

Js^Js^jQ Jo x' X Jq \x' + l/ x' 

where C", C" are constants. It remains to treat the part x' > k. Then we remark 
that |logA;|"i < |loga;'|"^ and 

\Ej{k\z,z'){\ogky^\ < C|log/c|-i/3a;i-<^|iog2;'|-2/3 

which is in Ll{M x M) with norm bounded by |log/c|~^/'^ (this is because 
llogcc'l"^"' G L^{{0,l/2),dx'/x') for any e > 0). By iterating this, it follows that 
\\E'{ky\\L2^L'^ is bounded by AC (iogk)-^^^ for some A > and for all j > n, 
where C is independent of j . 

We can apply similar reasoning to the kernel k^G{k) / \ogk o E'{ky for a fixed 
j > n/2 + 2. Write G{k) = Gi{k) + G2(fc), with G,{k) G ^'-^'(-^■°'°)'S(M; f^^^). 
Then using the composition formulae, k'^Gi{k) o E{k)^ is in the calculus with index 
sets > at zf, bfo, Ibo, rbo and > n/2 + 2 at sc. Instead of (|7.9p we can bound the 
kernel by 

(since the kernel, as a multiple of |dg6C?.g^|^/^, vanishes to at least second or- 
der at sc, and to any order at lb, rb, bf). Using similar reasoning we deduce a 
bound |logfc|^/'^ on the norm of this kernel. But we have an extra factor 
(logfc)"-' in k'^G{k) / log koE' {ky which yields a uniform bounds for ||fc^G(fc)/logfco 
E' {ky\\i^2^]^2 for any j > n/2 + 2. Combining these results we see that the series 
(17. 6p is convergent in operator norm, proving the first part of the theorem. 

To prove the second part, we use the fact that the L°° norm of the kernel of an 
operator coincides with the — > L°° operator norm. With a similar argument to 
that above, we deduce that ||i?'(fc)-' ||l2^^oo and \\k'^G{k)/\ogko E'{ky\\i^i^]^2 are 
bounded uniformly in k for any j > n/2. (These are strictly weaker results since we 
only need the L^L°° norm on the kernel instead of the L^L^ norm, and we already 
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know from the calculus that these operators have bounded kernels.) Composing 
these inequahties with \\E' {kyWi^i^i^i < AC^ {log k)'^/"^ , we conclude that the L°° 
norm of the kernel of k^G{k)E'{ky / log k is bounded by AC^ {\ogk)~^/^ for large 
j and therefore the series (|7.8p converges in for k small. Moreover, the same 
estimates hold if we apply arbitrary smooth differential operators on K to the kernel 
of G{k)E'{ky, so we get convergence of 1^ in L°°([0, ko];C%K)) for all s. 

To compute the terms of order A;~^(log fc)^-' in the expansion of R{k) at zf, we 
notice that, at zf, 

G(fc) = + 0(1), Eiky = (E^,, + o{k)y = {El,y + o{k) 

where £'"f :— PG% + k'^G^^ = {PO — ip) ® il^ is the term of order fc" in the ex- 
pansion of E(k) at zf. Thus the composition G~^{E'^^^ is the coefficient of order 
fc~^(log A:)~^~^ of R{k) at zf, and it is exactly 

-((V',P6i- V))><^?/'- 

Now the constant w := (V', PO — ip) can be computed through Green's formula on 
balls {x > e} and taking the limit e — > 0, this gives 

^7 1 , II /i|2 21og(2) -1-7 2 
(7-10) w = - + a- llV'llfp = llV'llfp- 

This completes the proof of the theorem. □ 

Note that, using Remark l7.ll this constant uj vanishes if and only if 6—x~^v G C-!/) 
where v is the unique function (modulo C{x^^'ip)) such that P^v — x^^ijj. 

8. RiESZ TRANSFORM 

In this section we prove Theorem ll.3l We begin with a preparatory lemma. 

8.1. A computation. Let us define the function for v > 1/2 

F{n) := k^K^k) 

which is smooth on {0,oo), with F{0) = -2''-'^r{i^) and F{k) = F(0) + 0{k'^) + 
OiK^") as K -> 0. 

Lemma 8.1. We have the identity for v > 1 

Proof. We first have by integration by parts for e > small 



(8.1) j K-\F{K)-F{0))dK = e-\F{e)~F{0)) + j K-'d^F{n)dK 

but since z^K^iz) = c^9t^,{{l + t^y-^) with := T{u + ^)2''-^Tr-i we get by 
another integration by parts 

^^^=-zc, / ^til + tY''-Ut= /'e-'-*(l+i2)-+ldi. 

K Jr K ~2V + 1 7k 

Using that formula and making e — > in (|8.ip yields 

Otic 

K-\FiK) - F{0))dK = 9,^^(0) + 



'2i^+l 

which proves the lemma since dkF{0) = 0. □ 
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8.2. Proof of Theorem 11.31 In this section, we follow essentially the Section 5.2 
of Part I 5J. First recall from the Introduction that the Riesz transform T by 
T — do (F>)^^/-^, or equivalently (when it is defined on L"^) 

2 f°° 

(8.2) T^-d R{k)n>dk 

^ Jo 

where n> is the spectral projection onto (0, oo) for the operator P. We shall also 
use Hq to denote the projection onto the zero eigenspace. By the arguments of Part 
I, Sec. 5.2, we just have to study boundedness of 

(8.3) ^dj^ x{k)R{k)(^ld-Ilo) dk. 

for some small ko > where x{k) is a smooth function with value 1 near A; = 
and supported on [0, fco] (recall that in Part I we have first decomposed the integral 
near and away from fc = 0, then analyzed the part [fco,oo) and dealt with the 
part i?(fc)n< where n< is the projector onto the part correponding to the negative 
spectrum) . 

Rather than study ()8.3p directly, we subtract off the free resolvent kernel, and 
consider 

fko 



(8.4) ^d I \{k)[R{k){lA-I{^) - 4>Ro{m) 



dk. 

First consider the IIq term, x{k)R{k)Ii-o = x{k)k~^I{Q. This term does not lie 
in the calculus since it is not rapidly vanishing at lb, rb or bf. To deal with this we 
introduce the function x((2^ + x')k/xx'), where x is as above, which is supported 
away from these boundary faces. Then k~'^x{{x + x')k/xx')Ilo lies in the calculus. 
On the other hand, the remaining part fc^^(l — x{{x + x')k/xx')Ilo can be treated 
directly: we have 



2 



ko 



d / x{k)k-^{l - x{{x + x')k/xx') dk < C- 



TT Jq XX' 

So consider the kernel [x + x')/xx'Wo on M^. Let s = x/x' . With respect to the 
scattering (Riemannian) half-density \dgdg'\^^^ on M^, Hq decays as (xx')""^"''™ . 
We can write the kernel (i((a;+a;')/a;a;'no) as yli + yl2 where Ai is supported in s > 1 
and A2 is supported in s < 1. Notice that acting with d on the left factor yields 
an extra decay factor of x. So Ai is bounded pointwise by 3-'^"'"*+^'" gn-i+m _ 
^/n+s ^a+s T^iiY^ ^ = n — 4 + 2m' , a = 3 — m'. Notice that (5 > by our assumptions 
on m' relative to n. The argument in the proof of Proposition 5.1 of Part I then 
shows that Ai is bounded on for p < n/a. Similarly, A2 has kernel bounded 
by 2;2«-4+2m's-(n-2+m') ^ ^n+s ^-{13+6) ^ /3 = 2 - to' and is bouudcd On LP for 
p > n/{n — (3). Therefore the kernel Ai +A2 satisfies the conditions of the theorem. 

We return to ()8.4p . replacing i?(fc)no with k~^x{ix + x')k/xx')IIo as allowed 
by the discussion above. By Theorem 14.11 (or Theorem 13.41 in the asymptotically 
Euclidean case), R{k) is in the calculus with pseudodifferential order —2 and with 
index sets —2 at zf, n/2 — 4 + m' at rbo and Ibo, —2 at bfo, at sc and trivial at all 
other boundary hypersurfaces. Also, we have just seen that x{{x + x')k / xx')k~^Uo 
is in the calculus; it has pseudodifferential order —00 and index sets —2 at zf, 
n/2 — 4 + m' at rbo and Ibo, n — 6 + 2m! at bfo and trivial at all other boundary 
hypersurfaces. Of course, the Ho term is chosen precisely to cancel the leading 
order behaviour of R{k) at zf , and by Theorem 14.11 the leading behaviour of the 
difference R{k) — x{{x + x')k/xx')k^^I{i^ is at order > —1. Notice also that, with 
our assumptions on m' relative to n, n — 6 + 2m' > — 1 and so the leading behaviour 
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of R{k) — x((x + x')k/xx')k^^Ilo is equal to that of R{k), at order —2, with the 
next term at order —1. 

Now we bring in the kernel (/)i?o(fc)0. This is in the calculus with pscudodif- 
ferential order —2 and with similar index sets (actually, better at Ibo and rbo 
if m < 2). The point of subtracting (j)R^{k)(j) is that it cancels the leading be- 
haviour of R{k) — xii^ + x')k/xx')k^'^Ilo at 6/q and at sc, so that R(k) — x{{^ + 
x')k/xx')k^'^IlQ — 0i?o(fc)0 has leading behaviour at order > —1 at bfo and > 1 at 
sc. 

Now we apply d — J2i d-Zi (8) dz^ on the left. Vector fields dz^ of finite length 
on M lift from the left factor to have the form PbfoPiboPibPbf times a vector field 
tangent to the boundary of M^^^. Therefore d increases the order of vanishing to 
n/2 — 3 + m' at Ibo and to at bfo and leaves the others fixed (and also increases 
the pseudodifferential order to —1). We can now apply Proposition 5.1 of 5], with 
a = 3 — m' and (3 = 2 — m' , to deduce that (|8.4p is bounded for the stated range. 
Combined with the earlier results about the integral for large fc, we have proved 
that T—(j>To<j) is bounded on L'p for the stated range, where To is the classical Riesz 
transform on the exact cone (with respect to Ao). However, it is shown in ^9] that 
To is bounded on for 1 < p < oo (this is of course classical in the asymptotically 
Euclidean case where To is the Riesz transform on M"), so we conclude that T itself 
is bounded on for the stated range. 

Finally we prove that the range of p is sharp. For simplicity we shall do this 
first in the case that m' < 2. In this case we can write the resolvent kernel near 
the right boundary (now as a multiple of the scattering half-density rather than 
the b-half density, which gives an extra factor of (xx')"/^) as 

^ ' r(f - 1 + m')2t+™'-2 ^ u^\y ) 

modulo 0(/o"b^^^'" logPrbo); with some non-zero function on dM in E'ly^. So 
we have 



di?(fc)-dfc-2no = x'"-'+"'(^ 



K 



r(f - 1 + TO')2t+™'-2 

N 

X V^Jy')d{x-'^-^^,{z)) + 0(x'"-^+'"' logx') 
j=o 

(since d acts in the left variable z here). Integrating in fc, we change variable to 
k' = k/x' (which gives us an extra power of x') and obtain 

,n-3W r / ^^^"'^"'gf-i+m'K) -2V. V,Sy')d{x-/^-^v,{z)) 
Vr(f -l + m')2t+™'-2 " ) A.r(f -l+m')2t+"'-2 

for the leading asymptotic of T at x' = 0. Since a;"/^~^(/3j (z) is not constant, 
d{x^^'^~^(pj{z)) is not identically zero. Moreover, by Lemma [8.11 the k' integral 

does not vanish. Hence T = a(z, y')a;'"~^^'" + 0{x'^ ) at a;' = where a 
does not vanish. It follows immediately that the upper threshold for p is sharp. A 
similar analysis at the left boundary shows that T = b{y, + 0{x"~^^™' ) 

as a; where b does not vanish, showing that the lower threshold is also sharp. 
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For m' — 2 we have only to verify that the extra term in (|4.4p does not cancel 
the first term after integration in k'. But this is straightforward since the two terms 
have different asymptotics as a; ^ 0. 

This completes the proof of the theorem. □ 

Remark: it is interesting to see that, for instance in the Euclidean setting and 
dimension n > 4 with m < 2, if we replace d in the definition of Riesz transform 
by the first order differential operator 

D = x{xdx — (n — 3 + m) + Q{dy)) 

where Q{dy) is a first order differential operator on dM = S"" satisfying 

Qidy)(t) = 0,V(/) e ker(As--i - m(m + n- 2)), 

the operator D o (P>)^^ is bounded on L^{M) for — 1 + m) < p < n/(3 — m). 
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